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Abstract 

We establish exponential laws for certain spaces of differentiable 
functions over a valued field K. For example, we show that 

C ^){U xV,E) C a (U,CP(V,E)) 

if a G (N U {oo}) n , G (N U {oo}) m , U C K n and V C K m are open 
(or suitable more general) subsets, and E is a topological vector space. 
As a first application, we study the density of locally polynomial func- 
tions in spaces of partially differentiable functions over an ultrametric 
field (thus solving an open problem by Enno Nagel), and also global 
approximations by polynomial functions. As a second application, we 
obtain a new proof for the characterization of C r -functions on (Z p ) n in 
terms of the decay of their Mahler expansions. In both applications, 
the exponential laws enable simple inductive proofs via a reduction to 
the one-dimensional, vector-valued case. 
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Introduction and statement of results 

Let a = («!, . . . , a n ) with a n G N U {oo}. A function /: U ->lon 

an open set U C M ra is called C a if it admits continuous partial derivatives 
d?f: U R for all multi-indices (3 G (N ) n such that (3 < a (cf. \2\). In this 
article, we study an analogous notion of C a -map / ': U — >• E defined with 
the help of continuous extensions to certain partial difference quotient maps, 
for E a topological vector space over a topological field IK and open subset 
U C K n . In fact, beyond open domains we consider C Q -functions on subsets 
U C K n which are locally cartesian in the sense that each point in U has 
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a relatively open neighbourhood V C £7 of the form V = V\ x ■ ■ ■ xV n for 
subsets Vi, . . . , V n C K without isolated points (see Definition I2.15p . For K a 
complete ultrametric field and E an ultrametric Banach space, such functions 
have recently been introduced by E. Nagel (20]. Our (equivalent) definition 
differs from his in detail and avoids the use of spaces of linear operators 
(mimicking, instead, an approach to multi-variable C r -maps pursued by De 
Smedt [7], Schikhof J2H §84] and the author [11, Definition 1.13]). 

We endow the space C a (U, E) of all E- valued C a -maps on £7 with its natural 
vector topology (see Definition 13.11) . The main result of this article is the 
following exponential law. 

Theorem A. Let K be a topological field, n, m G N, £7 C K7 and V C K m 
be locally cartesian subsets, and a G (N U {oo}) n ; (3 G (N U {oo}) m . Then 
f(x, .) G C^V, E) for each f G C^(U x V, E), the map 

f y :U^C^V,E), x^f(x,.) 

is C a , and the mapping 

$: C^\U x V,E) -)• C a (U,CP(V,E)), f m- / v 

K-linear and a topological embedding. IfK is metrizable (e.g., if WL is a 
valued field) , £/ien $ 25 an isomorphism of topological K-vector spaces. 

Let n G N, a G (No U {oo}) n , IK be a field and E be a K-vector space. A 
function p : U — > E on a subset £7 C K n is called a polynomial function of 
multidegree < a if there exist ap & E for multi-indices /3 G (N ) n with /3 < a 
such that = for all but finitely many (3 and 

p(z) = x^ap for all a; = (x\, . . . , x n ) G f7, 

/3<Q 

with x^ := x^ 1 • . . . ■ x(^ n . We write Pol (U, E) for the space of all E- valued 
polynomial functions on U. If (K, |.|) is a valued field, U C K n a subset and 
i? a topological K- vector space, we say that a function / : U — > E is locally 
polynomial of multidegree < a if each a; G £7 has an open neighbourhood 
V in £7 such that f\y = p for some polynomial function p: K n D V — )■ i? 
of multidegree < a. We write LocPol< a (£7, E) for the space of all locally 
polynomial -E-valued functions of multidegree < a on £7. Using Theorem A 
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to perform a reduction to the one-dimensional case (settled for scalar-valued 
functions as a special case of [201 Proposition 11.40]), we obtain: 



Theorem B. For every complete ultrametric field K ; compact cartesian sub- 
set U C K n , locally convex topological K-vector space E and a G (N U{oo}) n , 
the space LocPol< Q (f/, E) of E -valued locally polynomial functions of multi- 
degree < a is dense in C a (U,E). 

For E = K and n > 2, this answers a question raised by E. Nagel in the case 
of integer exponents (he also considered fractional differentiability; the case 
of a G [0, oo[ n \Ng remains open)0 

Likewise, the exponential law can be used to reduce questions concerning 
the Mahler expansions of functions of several variables to the familiar case of 
single-variable functions. We obtain the following result (the scalar-valued 
case of which was published earlier in the independent work |20j , based on a 
different strategy of proof which exploits topological tensor products) H 

Theorem C. Let E be a sequentially complete locally convex space over Q p 
and f: (Z p ) ra — )■ E be a continuous function, where n G N. Let 



/(*> = £(:) 



be the Mahler expansion of f with the Mahler coefficients a u G E. Let a G Nq. 
Then f is C a if and only if 

q(a u )v a — > as \v\ — > oo (1) 

for each continuous ultrametric seminorm q on E, where \u\ := V\ + • ■ ■ + v n . 
Given r G N , the map f is C r if and only if 

q(a v )\v\ T —7-0 as \v\ — > oo, 

for each q as before. 



1 Personal communication at the 12th International Conference on p-Adic Functional 
Analysis, Winnipeg, July 2012. 

2 Compare also theorem on p. 140] for the case of scalar- valued C 1 -functions on 
Z p x Z,,, established by direct calculations. 
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Passage to the Mahler coefficients allows C a (1ip,E) to be identified with a 
suitable weighted -E-valued c -space, whose weight is modelling the decay 
condition ([1]) (see Proposition 16. 1 ll for details). 

Here, we use that a function /: K" D U — > E is C r if and only if it is C a 
for all a 6 NJ such that \a\ < r. To generalize this idea, let us return to 
a topological field K and topological K- vector space E. Let tlx, ■ ■ ■ , rig G N, 
n := rii + ■ ■ ■ + ri£ and a G (No U {oo}) £ . Agreeing to consider K n as the 
direct product K ni x ••• x K ni , we say that a function /: U — > E on a 
locally cartesian subset U C K n is C a if it is & for all (3 G Nq such that 
\(3j\ < ctj for all j G {1, . . . , £}, where we wrote j3 = (/?!,..., j3e) according 
to the decomposition Nq = Nq 1 x • • • x Nq*. Then again an exponential law 
holds. 

Theorem D. Let IK be a Hausdorff topological field, n,m G N and U C K n 
as well as V C K m be locally cartesian subsets. Fix decompositions n = 
fix + ■ ■ ■ + ri£ and m = m\ + • • • + with nx, ■ ■ ■ , ri£, mx, • • • , rn^ G N. Let 
a G (N U {oo})^ and f3 G (No U {oo}) fc . Then f(x,.) G C P (V,E) for each 
f G C^\U xV,E), the map 

f:U^C p (V,E), x^f(x,.) 

is C a , and the mapping 

$: C (a ^{U xV,E)^ C a {U,C^{V,E)), f m- f v 

is K-linear and a topological embedding. If K. is metrizable {e.g., if K is a 
valued field), then $ is an isomorphism of topological K-vector spaces. 

As a consequence, reducing to the case of C r -maps on compact cartesian sets 
treated (in the scalar- valued case) in pO, Proposition 11.40], we obtain the 
density of suitable locally polynomial functions in C a (U,E) for all locally 
closed, locally cartesian sets U C K ni x ■ ■ • x K n * and a G Nq (Propo- 
sition 19. lip . Generalizing the case of scalar- valued functions on compact 
cartesian sets treated in [201 Corollary 11.42], we prove the density of poly- 
nomial functions in many cases. Taking £ = 1 and I = n, respectively, our 
Proposition 19.121 subsumes: 

Theorem E. Let IK be a complete ultrametric field, E be a locally convex 
topological K-vector space, n G N and U C K n be a locally closed, locally 
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cartesian subset. Then the space Pol(J7, E) of all E-valued polynomial func- 
tions on U is dense in C r (U, E), for each r £ NoU{oo}. Moreover, Pol(f/, E) 
is dense in C a (U, E), for each a £ (No U {oo}) n . 

Every open subset U C K n satisfies the hypotheses of Theorem E, and also 
every locally cartesian subset which is closed or locally compact. 

Polynomial approximations to functions of a single variable were already 
studied in [4]. 

As a special case, taking £ = 2 the preceding approach subsumes a notion of 

C (r,s) 

-maps on locally cartesian subsets U C K n x IK m . For a corresponding 
notion of C-^-maps on open subsets U C R n x M m (or, more generally, on 
open subset U C E 1 x E 2 with real locally convex spaces E\ and E 2 ), the 
reader is referred to the earlier works [3] and [2] , where also exponential laws 
for the corresponding function spaces (similar to Theorem D) can be found. 
Special cases (and variants) of such C( r ' s )-maps have been used in many 
parts of analysis (see, e.g., jl] for analogues of C^'^-maps on real Banach 
spaces based on continuous Frechet differentiability; |TQl 1-4] for C^'^-maps 
between real locally convex spaces; [12] for C^ r ' s ^-maps on finite-dimensional 
real domains; and [HI p. 135] for certain Lip^'^-maps in the convenient setting 
of analysis (a backbone of which are exponential laws for spaces of smooth 
functions, see also [H]). We mention that exponential laws for suitable spaces 
of smooth functions over locally compact topological fields (also in infinite 
dimensions) were already established in [I3J Propositions 12.2 and 12.6]. The 
possibility of exponential laws for C r,s -maps was conjectured there [131 p. 10]. 

Acknowledgement and remark. The questions concerning exponential laws for 
C r ' s -f unctions and their application to Mahler expansions were part of the 
DFG-project GL 357/8-1 (Project 3 in the proposal from October 2008). 

1 Preliminaries and notation 

All topological fields occurring in this article are assumed Hausdorff and non- 
discrete; all topological vector spaces are assumed Hausdorff. A valued field 
is a field K, equipped with an absolute value |.| : K — > [0, oof which defines a 
non-discrete topology on K. If | . | satisfies the ultrametric inequality, we call 
(K, |.|) an ultrametric field. In this case, we call O := {z £ K: \z\ < 1} the 
valuation ring of IK. A topological vector space E over an ultrametric field 



5 



(K, |.|) is called locally convex if the set of all open O-submodules of E is a 
basis for the filter of O-neighbourhoods in E (we then simply call E a locally 
convex space). Equivalently, E is locally convex if its topology is defined by 
a set of seminorms q: E — > [0,oo[ which are ultrametric in the sense that 
q(x + y) < max{q(x), q(y)} for all x,y G E (see [IB] . [22] and [23] for further 
information on such spaces). A valued field (K, |.|) is called complete if the 
metric defined via d(x, y) := \x — y\ makes K a complete metric space. If X 
is a topological space, Y C X a subset and U C Y a relatively open subset, 
we usually simply say that "£/ is open in Y~" or "£7 C y is open". In the 
rare cases when U is intended to by open in X, we shall say so explicitly. 
As usual, by a "clopen" set we mean a set which is both closed and open. If 
IK is a topological field, we always endow K n with the product topology. A 
subset Y of a topological space X is called locally closed if, for each x £ Y 
and neighbourhood U C Y (with respect to the induced topology) there 
exists a neighbourhood V C. U oi x which is closed in X. For example, every 
closed subset of a regular topological space (like K n ) is locally closed, and 
also every open subset. Locally compact subsets of a topological space are 
locally closed as well. If (X, d) is a metric space, x G X and r > 0, we write 

E>r(x) := {y G X : d(x,y) < r} and B^.(x) := {y G X : d(x,y) < r} for the 
open and closed balls, respectively. Given a non-empty subset Y C X, we 
set 5 r d (Y) := {x G X: (By G K) rf(x, y) < r} = U ve y^r(j/)- If (^11-11) is 
a normed space over a valued field (K, |.|), x G K and r > 0, we use the 
notation Bf(x) := {y E E : \x — y\) < r}. We write N = {1,2, . . .} and 
N :=NU{0}. 

If X is a set and (fj)jeJ a family of mappings fj : X — > Xj to topological 
spaces Xj, then the set of all pre-images f^iU) (with j G J and C/ open 
in Xj) is a subbasis for a topology (9 on X, called the initial topology with 
respect to the family (fj)jej- For any topological space Y, a map 

f:Y^{X,0) 

is continuous if and only if fj o / is continuous for each j G J. The topology 
O is unchanged if we take U only in a basis of open subsets of Xj, or in a 
subbasis. This readily implies the following well-known fact (the "transitivity 
of initial topologies"), which will be used frequently: 

Lemma 1.1 Let X be a topological space whose topology O is initial with 
respect to a family [fj)j^j of mappings fj-. X — » Xj to topological spaces Xj. 
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Assume that the topology on Xj is initial with respect to a family (fij)iei 
of mappings fcj : Xj — > Xij to topological spaces Xij . Then O is also the 
initial topology with respect to the family (fij o fj)j eJieI of compositions 
fijofj: X^Xij. . ^ - - * q 

A mapping f:X—>Y between topological spaces is called a topological 
embedding (or simply: an embedding) if it is a homeomorphism onto its 
image. This holds if and only if / is injective and the topology on X is initial 
with respect to /. 



2 C°-maps on subsets of K n 

We define C a -maps and record elementary properties of such maps and their 
domains of definition. The discussion follows the treatment of C fc -maps in 
[TT| 2.5-2.16] so closely, that some proofs can be replaced by references to [TT] . 



2.1 Throughout this section, let K be a topological field, E be a topological 
K-vector space, nGN and U C K n be a subset (where K n is equipped with 
the product topology). 

2.2 We say that U cartesian if it is of the form U = U\ X • • • X U n , for some 
subsets U\, . . . , U n of K without isolated pointsjfl If every point in U has 
a relatively open neighbourhood in U which is cartesian, then U is called 
locally cartesian^ 

2.3 Observe that if U C K n is a locally cartesian subset, then each x G U 
has an open cartesian neighbourhood W C U of the form W — U D Q, for 
some open cartesian subset Q C K n (which is sometimes useful). 

[Indeed, ) e U has a relatively open neighbourhood V C XJ of 

the form V — V\ x • • • x V n , for some subsets Vi, . . . , V n C K without isolated 
points. Thus, there is an open subset F C K n such that C/ny = 'V^x---xl4. 
If Qi, Q2, ■ ■ ■ ) Qn are open neighbourhoods of x%, . . . , x n in K, respectively, 
such that Q := Qi x • ■ ■ x Q n C y, then 

u nQ = u nY nQ = v nQ = (Q 1 xv t ) x ■■ ■ x (Q n nv n ), (2) 

3 Compare [m Remark 2.16]. 

4 In the case of a complete ultramctric field, such a set is called a "locally cartesian set 
whose factors contain no isolated points" in [20], 
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where Vi fl Qi, . . ., V n fl Q n do not have isolated points.] 

Note that, if P C U is a given neighbourhood of x, we can choose Q so small 
that U n Q C P. 

2.4 As usual, for i G {l,...,n} we set e { : = (0, . . . , 0, 1, 0, . . . , 0) G K n , 
with i-th entry 1. Given a "mult i- index" a = (cti, . . . , a n ) G Nq, we write 
\a\ := X^Li a i anc ^ xQ := -^l 1 ' ' ' x n n for a; = {x\, . . . , x n ) G K n . If a, (3 G 
(No U {oo}) n , we say that a < (3 if aj < (3j for all j G {1, . . . , n}. We define 
a + (3 component-wise, with r + oo = oo + r:=oo for all r G N U {oo}. 

2.5 For a G (No U {oo}) n , our definition of a C Q -map /: U — > E on a 
cartesian set [7 will involve a certain continuous extension f </3> to an iterated 
partial difference quotient map f >l3< corresponding to each multi-index /3 G 
Nq such that (3 < a. It is convenient to define the domains U <f3> and U >f3< 
of these mappings first. They will be subsets of K n+ ' /3 L It is useful to write 
elements x G in the form x = (x^\ x^ 2 \ . . . , x^), where x^ G 

for i G {l,...,n}. We write = (x$\ x±\ . . . , x^) with x^ G K for 

j'g{o,...,A}- 

2.6 Let [/ C K n be locally cartesian. Given f3 G Nq\ we define f/ </3> 
as the set of all x G IK™" 1 '!' 3 ! such that, for all «i G {0, 1, ... , /3i}, . . . ,i n G 
{0, 1, . . .,/?„}, we have 

(*«...,*£>) Gtf. 

We let U >p< be the set of all x G f/ </3> such that, for all i G {1, ... , n} and 

< j < k < fa, we have x^ ^ x^ . 

Example 2.7 If U C IK n is cartesian, say C/ = C/i x • • • x £7 n with subsets 
[7j C K, then simply 

= C/i+^i x [/ 2 1+/?2 x • • • x . (3) 

2.8 It is easy to see that U >l3< is an open subset of U <l3> . If U is cartesian, 
it is also easy to check that U >/3< is dense in U </3> . 

Remark 2.9 Unfortunately, U >l3< need not be dense in U </3> if U C K ra 
is merely locally cartesian. For this reason, we shall define C a -maps by a 
reduction to the case of cartesian subsets. Also the definition of the topol- 
ogy on function spaces is made slightly more complicated by the fact that 
continuous extensions f </3> cannot be defined globally in general (only after 
restriction of / to cartesian subsets). 
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Example 2.10 Let p > 3 be a prime and V 2 and W 2 be compact, open, 
non-empty, disjoint subsets of Q p . Pick v G V 2 , w G W 2 - Let 

^i:=|x^ a fcP fc: ( a fc)fc6N O e{0,i} No i 

U=o J 

and Wi := {J2T=o a kP k '■ ( a fc)feeN £ {0,2} N °}. Then V\ and Wi are compact 
subsets of Q p without isolated points, and thus 

U := (Vi x V 2 ) U (Wi x W 2 ) 

is a compact, locally cartesian subset of Q p x Q p . Note that (0,0, v,w) G 
[/<(i,i)> (because (0,u), (0,w) G [/), and that 

Q := (Q p x Qp x V 2 x W 2 ) n ?7 <1 ' 1> 

is an open neighbourhood of (0, 0,v,w) in f/ <1 ' 1> . One can show that Q n 
[/>(!. !)< — 0_ Hence (0,0, is not in the closure of U > ( 1 ' 1 * )< . 

[For the proof, we use that (Vi x V 2 ) fl (Wi xf 2 ) = and Vi fl W"i = {0}. 
Suppose there exists (x, y, v 2 , w 2 ) G Q fl C/ > ^ 1 ' 1 ^ < . Then x ^ y, v 2 ^ w 2 and 
v 2 G V 2 , w 2 G W 2 . Note that (x,w 2 ), (x,u> 2 ) G £7 forces x G Vi H Wi = {0}. 
Likewise, (y,v 2 ), (y,w 2 ) G £/ entails that y = 0. Hence x — y, contradiction. 
Hence (x,y,v 2 ,w 2 ) cannot exist.] 

Remark 2.11 A simple induction on |/3| shows that the sets U </3> can be 
defined alternatively by recursion on \/3\, as follows: Set U <0> := U. Given 
j3 G Nq such that \/3\ > 1, pick 7 G Nq such that j3 = 7 + e» for some 
2 G {1, . . . , n}. Then U </3> is the set of all elements x G K n+ I^l such that 
(zW, . . . , x^ l \ a#\ xf\ xf._^ x {i+l \ . . . , arW) G £/ <7> holds as well as 

t (') T (n)^ (z. TJ<1> 

We now define certain mappings / >/3< : U >l3< — >■ £" and show afterwards that 
they can be interpreted as partial difference quotient maps. 

Definition 2.12 We set / >0< := /. Given a multi-index (3 G N£ such that 
|/3 1 > 1, we define f >l3< {x) as the sum 

S " ' II (1) _ (1) ' • • • ' II (n) _ (n) ) ' • • • ' X Jn ) ( 4 ) 
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for x G U >l3< , using the notational conventions from 12.51 The products are 
taken over all k e G {0, . . . , fy} such that kg ^ ji, for I G {1, . . . , n} (and 
empty products are defined as the element 1 G K). 

The map / >/3< has important symmetry properties. 

Lemma 2.13 Assume that /3 G Nq, i G {1, . . . , n} and n is a permutation of 

if) 1 8\ Then (rW r^" 1 ) r^ +1 ) G /7 >/3< 

l u ) x ) • • • i Hi J ■ lien ^x , . . . , x , x^q-j , • • • 5 a^^j, a, , . . . , a, j c u 

/or each x G U >l3< , and 

f>/3<( (1) (i-1) Ji) (i) (i+1) (n)\ _ x>/3</ \ fr\ 

J l A , . . . , x , ■^ 7r (o) j • • • j ^tt^) i ^ , . . . , x ; 7 • \°) 

Proof. The proof of [TTJ Lemma 2.11] can be repeated verbatim. □ 

The following lemma shows that f >/3< can indeed be interpreted as a partial 
difference quotient map. 

Lemma 2.14 For each i G {1, . . . , d} and x G U >6l< , the element f >ei< (x) 
is given by 

» w 

If eNq such that \/3\ > 2, let 7 G Nq foe a multi-index such that (3 = 7 + 
/or some z G {1, . . . , n}. Then f >l3< (x) is given by 

1 ( f><y<( (1) (i-l) (i) W (*) (i+1) (n)\ 

M ^X ,...,X , Xq , x-l , . . . , X^_j, x ,...,x ; 

_f>7<C T (l) T («-l) r (i) -(*) ~M r (i+l) T (")^ (fi^l 

7 ^x , . . . , X , x^ , x^ , . . . , x^ — 1 , X , . . . , X J 1 {V) 

for all x G U >fS< . 

Proof. The proof of [HI Lemma 2.12] carries over verbatim. □ 

Definition 2.15 Let a G (No U {oo}) n , E be a topological K-vector space 
and U C K" be a subset. 

(a) If U is cartesian, we say that a function / : U — > E is C a if the mapping 
f>p< • U >l3< — > E admits a continuous extension f <l3> : U </3> — > E, for 
each /3 G such that (5 < a. 
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(b) If U is locally cartesian, we say that / is C a if f\y is C a , for each 
cartesian relatively open subset V C U. 

Remark 2.16 Since U >,3< is dense in U </3> , the continuous extension f </3> 
of / >/3< in Definition 12.151 (a) is unique whenever it exists. 

Remark 2.17 Assume that U is cartesian and /: U — > E is C a in the sense 
of Definition 12.151 (a). If V C U is a cartesian open subset, then f <l3> \y<P> 
provides a continuous extension for {f\v) >l3< - Hence / is C a also in the sense 



of Definition [2151(b), with (f\ v ) <0> = f </3> 



v<p>- 



Remark 2.18 If /: U — > E is C a , then / is continuous, 

[In fact, f\v = (/|v) <0> is continuous for each cartesian open subset V C U. 
As the latter form an open cover of U, the assertion follows.] 

Remark 2.19 Iff: U ->■ E is C a , then / is also C p for each (3 G (N U{oo}) n 
such that f3 < a. This is immediate from the definition. 

We readily deduce from Lemma 12.131 

Lemma 2.20 Let f:U — >■ E be a C a -map on a cartesian subset U C K n ; 
(3 G Ng /3 < a, z G {1, . . . , n} and n be a permutation of {0,1, ... , fa}. 
Then 

( T W ~W T W T (»+l) T ("h c r/</3> (j\ 

/or eac/i x G U <l3> , and 

f</3>( (1) _(t-l) W (i) (i+l) r (n)\ _ j-</3>/ \ /o\ 

J l x , • • • , x , ^^(o) ) • • • > 7r(/3j) ' ' ' ' ' ' / J v / ' \ / 

Proof. The proof of [TTj Lemma 2.14] can be repeated verbatim. □ 

The following variant of our Lemma [2. 141 is available for / </3> : 

Lemma 2.21 Let f:U — )■ E be a C a -map on a cartesian subset U C K n 
and /3,7 G Nq such that /3 = 7 + e\ for some i G {1, . . . ,n}, and (5 < a. 
Then f </3> {x) is given by 

]_ ( f<l>(JX) Ji-V) JS) ~(*) J>) 

, . \ j yu> , . . . , , Xq , Xj , . . . , Xo ■ — 1) ^ 5 • • • 5 / 



/j) (j) U V.*" > • • • ) > •"() J "^l ; • • • j pj — 1 ' 

Xq X^. 



f<7>f r (i) T (») r W T W ^(t+i) cq^i 

7 ^ , ...,X J Aft ) *1 ) • • • ) X o j,i ,...,X J I 



/or a// x G £/ </3> suc/i i/iai :e 7^ 
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Proof. The proof of [UJ Lemma 2.15] can be repeated verbatim. □ 

Remark 2.22 If U C K n is locally cartesian and P C U an open subset, 
then also P is locally cartesian. 

[Proof. Let x G U. We have seen at the end of 12. 3 1 that there exists an open 
cartesian neighbourhood U D Q of x in that is contained in P.] 

Remark 2.23 Let {7 C K n be locally cartesian and W C {/ be an open 
subset. Since every cartesian open subset of W is also a cartesian open 
subset of U, it is clear that f\w is C Q for each C a -map f:U—¥E. 

Frequently, differentiability properties that are defined via global continuous 
extensions of difference quotient maps are, nonetheless, local propertiesjf] 
Also being C a is a local property. 

Lemma 2.24 Let f : U — )■ E be a mapping on a locally cartesian subset 
U C K n . Assume that each x G U has an open cartesian neighbourhood W 
in U such that f\w is C a . Then f is C a . 

Proof. The proof is presented in a form which can be re-used later. We 
show that f\y is C a for each open cartesian subset V C U. 

Construction o/(/|v) </3> - We show that (/|y) >/3< has a continuous ex- 
tension (f\v) </3> , for each j3 G Nq such that [5 < a. The proof is by induction 
on |/3 1 . If j3 = and each point has a neighbourhood on which / is contin- 
uous, then (f\v) <0> = f\v is continuous. Now assume that \/3\ > 1. Set 
Ip := {i G {1, . . . , n}: fli > 0}. For i G Ip and j < k in {0, 1, . . . , /3j}, define 

Then V >l3< C Dp^j^, and Dp^j± is an open and dense set in y </3> . Let 
/3j- := fi — ei. By induction, continuous maps (/|y) <7> : y <7> — >■ i? extending 
(/|y) >7< exist for all 7 6 Njf such that 7 < a and I7I < \j3\. In particular, 
(f\v) </3i> exists, enabling us to define continuous maps fp t ij : k- Dp,ij,k 
sending x G Dp,i,j,k to 



xf - xf 



\\J \V J V x , • • • , X , Xq , . . . , X£_-p Xj^-p . . . , Jjj. , X , . . . , X 



-(/Iv)^*^...,*^ 1 ),*® ^ (10) 



5 See [5] Lemma 4.9] for the paradigmatic case of C r -functions on open sets, [201 Re- 
mark II. 4. (i) and Prop. II. 5] for C r -functions on locally cartesian sets in Nagel's setting. 
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where we abbreviated 7 := (71, . . . , j n ) := Let Dp := \J i>jtk Dp^^ k . Then 
^ </3> \ Dp is the set of all x(t) G of the form x(t) = (x^ , . . . , z^) 

with a;W = (U,...,ti) for i G {l,...,n}, with t = (ti , — , t w ) G V. Let 
Wt C y be an open cartesian neighbourhood of £ such that /|w t is C Q (cf. 
12.31 and Remark l2.23p . Since Wt is open in V, its z-th component Wt,, C IK is 
open in the i-th component Vi of the cartesian set V, for i G {1, . . . , n}. Now 

V^> = DpU\J(W t )^>, 

tev 

where Dp and each W t <f}> = W^ 1 x • ■ ■ x is open in V <p> = 

V^ 1 x • • • x V^. We define {f\ v ) </3> ■ V<^> 4 £ via 

( } - I (/k) </3> (*) ifxe^. 

To see that this mapping is well defined, let g and /1 be two of the maps 
used in the piecewise definition. Let G and if be the domain of h and g, 
respectively. Then G and if are open in V <a> , hence also G f] H. Thus 
y>0< p| (GnH) is dense in Gf]H. Since g and /1 are continuous and coincide 
on V" >/3< fl ((2 fl if) (where they coincide with (/|y) >/3< , using Lemmas 12. 131 
and l2.14j ). it follows that g\cnH = ^Igdh- 

Next, because each g: G —> E coincides on G fl V >l3< with (/|y) >/3< , we see 
that (/|y) </3> |y>/3< = tf\v) >l3< - This completes the proof. □ 

Remark 2.25 Assume that U C K n is open. Then U is locally cartesian 
and U >l3< is dense in [/ </ ^ > for each j3 G Nq (as is easy to see). Moreover, if 
/: U — > E is C a , then / >/3< admits a continuous extension f <l3> : t/ < ^ > — >■ f? 
to all of U </3> , for each /3 G Nq such that (3 < a (let V := U and construct 
continuous maps / </3> = (/|v) </3> verbatim as in the proof of Lemma f2.24[) . 

We record a simple version of the Chain Rule. 

Lemma 2.26 Let f : K n D U E be a C a -map and A: E ->■ F be a 

continuous linear map between topological K-vector spaces. Then Ao / is C a , 
and 

(\of\ v )<P> = \o(f\ v )<P> (12) 
holds for each (5 G Nq such that j3 < a and each open cartesian subset V C U. 
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Proof. The linearity of A implies that (A o f\ v ) >p< = A o (f\v) >l3< - 
Because the right-hand side admits the continuous extension A o (/|y) </3> , 
the assertions follow. □ 

The next three lemmas are analogues of [5|, Lemmas 10.1-10.3]. 

Lemma 2.27 Let (Ej)j G j be a family of topological K-vector spaces and 
E := Ylj £j Ej be the direct product. Let pr^ : E — > Ej be the canonical 
projections, a G (No U {oo}) n and U C K ra be a locally cartesian subset. 
Then a map f = (fj)jeJ'- U — > E is C a if and only if all of its components fj 
are C a . In this case, 

(/k) </3> = ((£lv) </3> W (13) 

for all open cartesian subsets V C U and all (3 G Nq such that (3 < a. 

Proof. If / is C a , then also fj = pr^ of is C a , by Lemma [2.261 Conversely, 
assume that each fj is C a . For V and j3 as above, we have (/|v) >/3< = 
((/ 7 |y) > ^ < )j e j. Because ((fj\v) > )ieJ is a continuous extension for the 
right-hand side, we deduce that / is C a and ( 1T3|) holds. □ 



Lemma 2.28 Let E be a topological ~K-vector space, E C E be a closed 
vector subspace, U C K n be a locally cartesian subset and f:U^-Eo be a 
map. Then f is C a as a map to Eq if and only if f is C a as a map to E. 

Proof. The inclusion map l: Eq — > E is continuous and linear. Hence, if 
/: U — > Eq is C a , then also lo f; U — > E is C a , by Lemma \2. 26 1 Conversely, 
assume that to / is C a . Let V C [/ be an open cartesian set and /3 G Nq with 
j5 < a. Let x G F </3> . Since y >/3< is dense in V </3> , there is a net (x a ) agj 4 
in y >/3< such that x a -»■ x. Then (4 o /| y ) </3> (x) = lim(t o /| y ) </3> (x a ), 
where (4 o /|v)<^>(x a ) = (4 o f\ v )>P<(x a ) = (f\v) >0< (x a ) G E for each 
a G A. Since E is closed, we deduce that (4 o f\ v ) <l3> (x) G E . Thus 
(4 o f\v) </3> '■ V </3> — )■ i? is a continuous extension to (/|y) >/3< and we 
deduce that / is C a . □ 

If IK is metrizable, then it suffices to assume that E is sequentially closed in 
Lemma [2.281 (because the net (x a ) a eA can be replaced with a sequence then). 
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Lemma 2.29 Let (J, <) be a directed set, S := ((Ej)j e j, {4>i,j)i<j) be a pro- 
jective system of topological K-vector spaces Ej, with continuous linear maps 
4>ij : Ej — > Ei satisfying <fiij o <pj^ k = for i < j < k in J, and faj = id^. 
Let (E, ((pi)i(zj) be a projective limit of S, with the continuous linear maps 
<pj\ E — >■ Ej such that (f>j t k ° <fik = 4>j ■ Then a map f : K n D U — >• E is C a if 
and only if <pj o f is C a for each j £ J. 

Proof. After applying an isomorphism of topological vector spaces, we may 
assume that E is realized in the usual form as a closed vector subspace of 
the direct product Y\j €J Ej y and <pj = pij \e- The assertion now follows from 
Lemmas and E21 □ 



3 The compact-open C"-topology 

Throughout this section, K is a topological field, E a topological K-vector 
space, n G N, U C K n a locally cartesian subset and a G (No U {oo}) n . 

Definition 3.1 We endow that space C a (U,E) of all E'-valued C Q -maps 
on U with the initial topology O with respect to the mappings 

A p y.C a (U,E)^C(V<P>,E), f^(f\ v )<f», (14) 

for all j3 G Nq with [5 < a and open cartesian subsets V C U; the spaces 
C(V <l3> , E) on the right-hand side are endowed with the compact-open 
topology. We call O the compact-open C° -topology. 

Remark 3.2 (a) Since each C(V <l3> , E) is a topological vector space and 
the mappings in 014p are linear (and separate points), also C a (U, E) is 
a topological vector space. 

(b) If a = 0, our definition yields the compact-open topology on C°(U, E), 
by Lemma [B. Ill 

(c) If a' G (N U {oo}) n with a' < a, then the inclusion mapping 
l: C a (U, E) -» C a '(U, E) is continuous. 

[For (3 G Nq such that j3 < a', let the mapping A^y be as in 
and A' p>v : C a ' (U, E) -»■ C(V <I3> ,E) be the analogous map. Then 
A'g y o i — Apy is continuous, from which the assertion follows.] 
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(d) In particular, the compact-open C°-topology on C a (U,E) is always 
finer than the compact-open topology (induced from C(U,E)). 

Lemma 3.3 Let (K)aeA be a cover of U by open cartesian subsets V a C U . 
Then the compact-open C a -topology on C a (U,E) is the initial topology T 
with respect to the maps Apy a , for f3 G Nq such that (5 < a and a £ A. 

Proof. By definition, the compact-open C°-topology O makes each of the 
maps Apy a continuous. Hence T^O. To see that O C T, we have to show 
that A^y is continuous as a map on (C a (U, E), T), for each j3 G Nq such 
that /3 < a and cartesian open subset V Q U. 

Given (3 and V, pick open cartesian subsets W t C V for t G V such that 
W t C V at for some a t G A. Define Ip and open sets (W t ) <l3> and Dp^j k as 
in the proof of Lemma I2.24[ for i G Ip and j < in {0, 1, . . . , Let 

Pt '■ C(V<P>,E) C((Wi)</»,E), a,: C((V;J^>, ^(W,)^^) 

and C(V </3> ,.E) — > C(Dp ti j^ k , E) be the respective restriction maps. 

Since V <l3> is the union of the open sets (W t ) <l3> and Dp^j jk , we deduce 
with Lemma IB. Ill that T will make A^y continuous if it makes all of the 
maps p t o A^y and pij ik ° A^y continuous. We first note that T makes 
p t o A^y = a t o A^y continuous. If j3 = 0, this implies the continuity of the 
restriction map A y (since V = V <0> is covered by the sets W t = {W t ) <0> ). 
Now assume that \/3\ > 1 and assume, by induction, that T makes A 7; y 
continuous for all 7 G Nq such that 7 < a and (7! < \/3\. Fix i G Ip and 
j < k in {0, 1, . . . , Abbreviate 7 := /3 — e^. The map 

fr: D PtiJtk -> K, x = (x (1) ,...,x {n) ) ^ 1 

is continuous (where Dp^j^ is as in the proof of Lemma [2.24j) . Hence also 
the multiplication operator 

m h : C(Dp yiyj)k , E) -)■ C(Dp >itj , k , E), g ^ h ■ g 

is continuous, by Lemma fB. 211 (f). Next, let g±,g2- Dp,i,j,k — > V <7> be the 
mappings taking x = (x^, . . . , a;( n )) to 

(1) ~W ™W ™W „.(*) ™(n)\ 

j/ , . . . , x , , . . . , -^ k _ii Jj k -^.\i ■ ■ ■ 1 °°'Y i ) x , . . . , J/ j 
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and , . . . , x^^jXq, . . . , x j+i, ■ ■ ■ , x^} ,x^ +1 \ . . . , x^), respectively. 
Then gi and g 2 are continuous, entailing that also the pullbacks C(gi,E) 
and C(g 2 ,E) are continuous as mappings C{V <1> , E) — > C(Dp >i j > j e ,E). By 
(HUD and (HQ, we have 

^,./,( a ,,(/)! = (/kr^k,,,, = = M(/k) <7> °si-(iV) <7> °<?2). 

Hence /jy^oA^y = m^o (C(^i, -E 1 ) o A 7! y — C(g 2 , E) o A 7) y). The right-hand 
side is composed of continuous maps and hence continuous. Thus p^oA^y 
is continuous on {C a {U, E),T). □ 



Lemma 3.4 If U C K n is open or cartesian, then the compact-open C a - 
topology on C a (U, E) is the initial topology with respect to the maps 

Ap:C a (U,E)^C(U<e>,E) : /^/ </3> , 

for )3 6 Nq snc/i that (3 < a. 

Again, we use the compact-open topology on C(U </3> , E) here. 

Proof. The preceding proof can be repeated verbatim with V := U. □ 



Lemma 3.5 Let S C K n be a locally cartesian subset such that S C {/. T/ien 
/|s is C Q /or eac/i C a -map /: [/ — >• Moreover, the "restriction map" 

p:C a (U : E)^C a (S,E) 1 f^f\ s 

is continuous and linear. 



Proof. For x G S, let V x C and W x C 5 be open cartesian subsets 
containing x. By 12.31 we ma Y assume that V x = U HQ and W 7 ^ = Sf)P with 
open cartesian subsets Q, P of K n . After replacing P and Q with their open 
cartesian subset PnQ (which is possible by the proof of [273]) . we may assume 
that V x = UnQ and W x = S D Q, whence W x = S D T4 C 14. Because the 
sets form a cover of 5 for x G 5, and (/| v^) </3> I (w K )<^> is a continuous 
extension of {f\w x ) >/3< f° r eacri /3 G Nq such that j3 < a, we deduce with 
Lemma EMI that f\ s is C a , with 

(/kJ^^C/kJ^I^)^- (15) 
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Clearly p is linear. Define A p Vx : C a (U, E) -> C({V X ) <I3> , E), f >-> (/|yJ </3> 
and Al Wx : C a (S,E) -+ ' C((W X )<^>, E), f ^ (f\w x ) <P> - Let 
Pp, x - C((K) </3> ,£) -»> C((Wy </3> ,£) be the restriction map. Then (USD 
can be rewritten as 

A lw x ° P = Pp,x ° &f},v, ■ (16) 

The right-hand side of ( !T6|) is continuous by Remark IB . 1 1 and the continuity 
of the maps Apy x . Hence also the left-hand side is continuous and therefore 
p is continuous, using that the topology on C a (S,E) is initial with respect 
to the maps Ajf Wx > by Lemma 13. 3[ □ 

Lemma 3.6 Let (U a ) a£ A be a cover of U by open subsets U a C U. Then the 
compact-open C a -topology on C a (U, E) is the initial topology T with respect 
to the restriction maps 

p a :C a (U,E)^C a (U a ,E), f^f\ Ua for a e A. 

Proof. For a G A, let V a be the set of all cartesian open subsets V C U a . 
For V G V a and (3 G such that (3 < a, let A py : C a (U, E) -> C(V <I3> , E) 
and A a py : C a (U a ,E) ->■ C(V </3> ,£) be defined via / i-> (J|y) </3> . Because 
the topology on C a (U a ,E) is initial with respect to the maps Ap V with /? 
and V as before, the "transitivity of initial topologies" implies that T is the 
initial topology with respect to the mappings A% v o p a = Apy. As UaeA^a 
is a cover of U by cartesian open subsets of U, the latter topology coincides 
with the compact-open C Q -topology on C a (U, E), by Lemma 1331 □ 

Lemma 3.7 For each cover V of U by open cartesian sets V C U , the map 
A := {Ap, v ): C a (U,E)^l[C(V<e>,E), f ^ {{f\ v ) <P> )py (17) 

is linear and a topological embedding with closed image [where the product is 
taken over all V G V and all /3 G Nq such that (3 < a). 

Proof. The linearity is clear. As Ao,y is the restriction map / i— > f\y and V is 
a cover of U, the map A is injective. Combining this with Lemma |3T3| we find 
that A is a topological embedding. To see that the image is closed, let (f a ) a eA 
be a net in C a (U,E) such that A(f a ) — > (gp t v)py with functions gpy £ 
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C(V P , E). IfxeU, there is V G V such that x G V. Then /(x) := lim/ a (x) 
exists, because f a (x) = A oy (f a )(x) ->■ </ ,v(aj)- B Y the preceding, /| v = # 0> y, 
whence / is continuous. It is clear from (jlj) that ((/ a )|y) >/3< converges point- 
wise to (/|v) >/3< . On the other hand, ((f a )\v) >l3< = ^/3,y(/a)|y>/3< converges 
pointwise to gp,v\v>P<- Hence (f\v) >l3< = 9p,v \v>p<- Since g^y provides a 
continuous extension for the latter function, we see with Lemma T2.24I that / 
is C Q , with (f\ v ) <l3> = gp,v for all V G V and G such that /3 < a. □ 

Lemma 3.8 Let B a be the set of all (5 G Nq such that f3 < a. The spaces 
C"(U, E) form a projective system of topological K-vector spaces for (3 G B a , 
together with the inclusion maps 4>~,,p: C^(U,E) — > C J (U, E) for 7 < f3 in 
B a . Moreover, C a (U,E) is the projective limit of this system, together with 
the inclusion maps (j)p: C a (U, E) -> C (U, E) for j3 G B a . 

Proof. If (fp)peB a is an element of 

\imC?(U,E) = {(fp)p eBa G J] C?{U,E): (/3 > 7) f 7 = <j> 7 ,p(fp)}, 

then 4> 1: p{fp) = / 7 and thus fp — f 7 , whenever /3 > 7. Hence /o = /a for all 
(3 E B a , and thus / G C a (U, E). As a consequence, the map 

M>: = f| CP(U,E) -+ \mvCP{U,E), f ^ (f)p eBa 

is an isomorphism of vector spaces. Let A^y: C a (U,E) — > C(V </3> ,.E) be 
as in JUJ, : C^(t/", £) ->■ C(V <7> , £?) for 7 < /3 be the analogous map 
and ftp: lim C^(U, E) — > C"(U,E) be the projection onto the /3-component. 

Using the transitivity of initial topologies twice, we see: The initial topology 
on C a (U, E) with respect to \I/ coincides with the initial topology with respect 
to the maps ftp o ^; and this topology is initial with respect to the maps 
A 7 y o ftp o = A 7) y. It therefore coincides with the compact-open C a - 
topology on C a (U, E), and hence \I/ is a homeomorphism. □ 

Recall that a topological space X is called hemicompact if there exists a 
sequence ifi C K 2 C • • • of compact subsets of X, with IJneN = X, such 
that each compact subset of X is contained in some K n . For example, every 
a-compact locally compact space is hemicompact. 
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Also, we recall: For each point x in a locally compact topological space X and 
open neighbourhood P of x, there exists a cr-compact open neighbourhood 
Q of x in X such that Q C pfl 

Lemma 3.9 IfUQ K n is a locally cartesian subset which is locally compact 
and a-compact, then U admits a countable cover by cartesian open subsets 
V QU which are a-compact. 

Proof. It suffices to show that each x G U has an open cartesian neigh- 
bourhood V x C XJ which is cr-compact. In fact, writing U = IJneN with 
compact sets C n , each C n will be covered by V x with x in a finite subset 
&n Q C n . Then the V x for x in the countable set IJneN provide the de- 
sired countable cover for U. 

Fix ) G U. To construct V x , start with a cartesian open 

neighbourhood W = W\ x ■ ■ • x W n C. U of x. Since t7 is locally compact, 
there exists a compact neighbourhood K C VF of x. Let pr^ : IK™ — >• K be the 
projection onto the j-th component, for j G {1, . . . , n}. Then := pij(K) 
is a compact subset of Wj and thus JTi x • • • x K n C W. After replacing 
with a larger set, we may therefore assume that K = K\ x • • • x K n . Let 
K° be the interior of K relative W. Then K° = K® x • • • x K®, where 
is the interior of Kj relative Wj. Because Kj is compact and K® an open 
neighbourhood of Xj in Kj, there exists a a-compact, open neighbourhood Qj 
of Xj in Kj such that Qj C Kj. Then Qj is open in K® and hence also open 
in Wj, whence Qj does not have isolated points and V x := Q\ x • • ■ x Q n is 
open in and hence in U. Since each Qj is cr-compact, so is the finite direct 
product V x . □ 



Lemma 3.10 IfVQ K n is a cartesian subset which is locally compact and 
a-compact, then V </3> is locally compact and a-compact, for each (5 G N n . 

Proof. Let pr^ : K n — y K be the projection onto the j-th component, for 
j G {1, . . . , n}. We may assume V ^ 0. Write V — V\ x • • • x V n with Vj C K. 
As V is locally compact, each Vj is locally compact. Further, Vj = pij(V) is 

6 If L C P is compact, then each y £ L has a compact neighbourhood Lj, in P. By 
compactness of L, we have L C [J ye<t , L y =: V for some finite subset $ C L. Then Z, 
is in the interior of L' and V C P. Starting with Li := {x}, this construction yields 
compact subsets L n+ i := (L n )' of P for nCfl such that L n is in the interior L^ +1 . Thus 
Q = UneN ^« = UneN L n nas tne desired properties. 



20 



cr-compact. Hence also each V < ^ > is locally compact and a-compact, being 
a finite direct product of copies of the factors V\, . . . , V n (see (jSJ)). □ 

Lemma 3.11 The space C a (U, E) has the following properties: 

(a) IfK is metrizable and E is complete, then C a (U,E) is complete. 

(b) IfK is metrizable and E is sequentially complete, then C a (U,E) is 
sequentially complete. 

(c) IfU is o -compact and locally compact and E is metrizable, then C a (U, E) 
is metrizable. 

(d) IfK is an ultrametric field and E is locally convex, then C a (U,E) is 
locally convex. 

(e) If K is an ultrametric field, U is compact, E an ultrametric normed 
space and a £ Nq, then C a (U,E) is an ultrametric normed space. 

(f) If K is an ultrametric field, U is compact, E an ultrametric Banach 
space and a £ Nq, then C a (U,E) is an ultrametric Banach space. 

(g) Assume that there exists a cover VofUby cartesian open subsets V C 
U such that V </3> is a k-space for each j3 £ Nq such that f3 < a. Then 
C a (U,E) is complete if E is complete, and C a (U,E) is sequentially 
complete if E is sequentially complete. 

(h) Let E be metrizable and assume that there exists a countable cover V 
of U by cartesian open subsets V C U such that V <l3> is hemicompact 
for each f3 £ Nq such that (3 < a. Then C a (U, E) is metrizable. 

Proof, (a) and (b) follow from (g), because every metrizable topological 
space is a k-space. 

(c) By Lemma 13.91 U admits a countable cover V by cartesian open 
subsets V C U which are locally compact and cr-compact. For such V and 
£ Ng with /3 < a, the set V <l3> is locally compact and a-compact (by 
Lemma I3.10P and hence hemicompact. Hence (c) follows from (h). 

(d) By Lemma I37TI the topological vector space C a (U, E) is isomorphic to 
a vector subspaces of a direct product of the spaces of the form C(V <l3> , E). 
Each of these is locally convex by Lemma TB. 211 (g). and hence also C a (U, E). 
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(e) Assume first that the compact set U is cartesian, Ui X • • • X XJ n = U with 
compact subsets Ui, . . . , U n C K. We can then take V = {£7} in Lemma 1X71 
Hence C a (U, E) is isomorphic to a vector subspaces of a finite direct product 
of spaces of the form C(U <l3> , E). Each C(U <I5> , E) is an ultrametric normed 
space by Lemma IB.21l (h). using that U <f5> is of the form ([3]) and hence 
compact. Hence also C(U <l3> , E) is an ultrametric normed space. 

We now return to the general case, assuming only that the compact set U is 
locally cartesian. Fix x G U. Then x has a cartesian open neighbourhood 
W = W\ x • • • x W n C [7 and the latter contains a compact neighbourhood K 
of x of the form K = K\ x • • • x (see proof of Lemma We let 14 := K° 
be the interior of K relative W. Then 14 = K® x • • • x where K® is the 
interior of Kj relative Wj. Since does not have isolated points and K® is 
open in Wj, also Kj does not have isolated points, and hence also its closure 

Kj does not have isolated points. Hence L x := V x = K® x ■ ■ • x is a 
compact cartesian subset of K n . Since 14 is a neighbourhood of x in U, by 
compactness of U there is a finite subset $ C [7 such that C7 = Uxe$ ^ or 
each the restriction maps 

p x :C a (U,E)^C a (L x ,E) and ^ : C Q (L X , E) -)• C a (14, 

are continuous linear, by Lemma 13.51 Hence the mappings 

and 

o = \[a x Hc a (L x ,E)^ ]JC a (V x ,E), (f x ) xe * ^ Mf*))*e* 

are continuous linear. Because crop is a topological embedding (by Lemma |3~7|) . 
we deduce that also p is a topological embedding. Since each of the spaces 
C a (L x ,E) is an ultrametric normed space, so is their finite direct product 
U x ^C a (L x ,E) and hence also C a (U,E). 

(f) follows from (a) and (e). 

(g) By Lemma [377] the topological vector space C a (U,E) is isomorphic 
to a closed vector subspace of the product of the spaces C(V </3> , E) with (5 
and V as described in (g). Each of the latter is complete (resp., sequentially 
complete), by Lemma IB.21I (d) and (e). Hence so is C a (U, E). 



22 



(h) Let B a be the set of all j3 G Nq such that j3 < a. Since B a and 
V are countable, also B a x V is countable. By Lemma IB. 211 (c). each of 
the spaces C(V </3> , E) is metrizable. Hence also the countable direct prod- 
uct ri(^ v)€B a xv C(V <l3> , E) is metrizable and hence also C a (U,E), being 
homeomorphic to a subspace of the latter product by Lemma 13. 71 □ 

Lemma 3.12 // A: E — >■ F is a continuous linear mapping between topolog- 
ical K-vector spaces, then the map 

C a {U,X): C a {U,E) ->• C a {U,F), f^Xof 

is continuous and linear. If X is linear and a topological embedding, then also 
C a (U, A) is linear and a topological embedding. 

Proof. Let A y. C a {U,E) -»■ C(V <l3> , E) be as in Definition O and 
Aj v : C a {U,F) ^ C(V <I3> ,F) be the analogous map. By LemmalOSl 

Aj y o C a (/7, A) = C(V <fS> ,\) o A AV . (18) 

Because the right-hand side of ( TT5|) is continuous, also each of the maps 
Afy o C a (U, A) is continuous and hence also C a (U, A) (as the topology on 
C a (U,F) is initial with respect to the mappings AL). 

If A is an embedding, then the topology on E is initial with respect to A. 
Since C a (U, A) is injective, it will be an embedding if we can show that the 
topology on C a (U,E) is initial with respect to C a (U, A). This is a special 
case of the next lemma. □ 

Lemma 3.13 If the topology on E is initial with respect to a family (Xj)j e j of 
linear maps Xj\ E — > Ej to topological WL-vector spaces Ej, then the compact- 
open C a -topology on C a (U, E) is the initial topology with respect to the linear 
maps C a (U, Xj) : C a (U, E) -> C a {U, Ej), for j E J. 

Proof. Let O be the compact-open C Q -topology on C a (U, E) and T be the 
initial topology described in the lemma. 

Step 1. By Lemma \BA\ the topology on C(V <l3> , E) is initial with respect 
to the maps C(V <I3> , A) : C(V <I3> , E) -> C(V <0> , E-). Thus, by transitivity 
of initial topologies, O is initial with respect to the maps C(V </3> , Xj) oA^y 
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with /3 G Nq such that f3 < a, open cartesian subsets V C U and Apy as in 
Definition 13.11 

Step 2. Let A^: C a {U,Ej) C(y </3> ,£,) be the analogous maps. The 

topology on C a (U,Ej) is initial with respect to the maps AJy. Hence, by 
transitivity of initial topologies, the topology T is initial with respect to 
the maps Af y o C a (U, Xj). But A% v o C a (U, Xj) = C(V <(3> ,Xj) o Ap :V , by 
Lemma 12.261 Comparing with Step 1 , we see that O = T. □ 

Lemma 3.14 If Eq C E is a vector subspace, then the compact-open C a - 
topology on C a (U,E ) coincides with the topology induced by C a (U,E). 

Proof. Apply Lemma 13.121 to the inclusion map A : E — )■ E. □ 

Lemma 3.15 If E = Ylj^j Ej as a topological WL-vector space, with the 
canonical projections pr • : E — >■ Ej, then the mapping 

* := (C a (U, Wj )) jeJ : C a (U,E) ^HC^Ej) 
is an isomorphism of topological vector spaces. 

Proof. Lemma 12.271 entails that ^ is bijective and hence an isomorphism 
of vector spaces. Because the topology on E is initial with respect to the 
family (pr,-) 3 - e j, Lemma 13.131 shows that the topology on C a (U,E) is initial 
with respect to the maps C a (U, pr,,). Hence \I/ is a topological embedding 
and hence \I/ is an isomorphism of topological vector spaces. □ 

Lemma 3.16 Let E = UmEj be as in Lemma \2.29\ with the bonding maps 

<f>ij \ Ej — » Ei and the limit maps §f. E — > Ej. Then the spaces C a (U,Ej) 
form a projective system with bonding maps C a (U, <j>ij), and 

C a {U,E) =]imC a (U,E j ), 
with the limit maps C a (U, 4>j). 
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Proof. Let P := Y\j € j Ej and pr^ : P — >■ Ej be the projection onto the j-th 
component. It is known that the map 

0:= (uOj ./: /•: > P 

is a topological embedding with image 4>(E) = {(xj)j e j G P: (V%j G J) 
i < j ^ Xi = 4>ij(xj)}. Thus C a (U,4>) is a topological embedding (see 
Lemma I3.12p and hence also 

v& o C a (U, 0) : C Q ([7 E) -» J] C a (/7, 

using the isomorphism := pr i )) ieJ : P) ]\ jeJ C a (U, Ej) of 

topological vector spaces from Lemma 13.151 The image of \I/ o C a (U,4>) is 
contained in the projective limit 

of the spaces C a (U,Ej). If (fj)j<=j G L and x G 17, then 4>i,j(fj(x)) = fi(x) 
for all i < j, whence there exists /(x) G 22 with 0j(/(x)) = fi(x). By 
Lemma HL2HJ we have / G C Q (£/,£). Now (* o C a ([/»)(/) = (/i) ieJ . 
Hence \I/ o C a (U, 0) has image L and hence is an isomorphism of topological 
vector spaces from C a (U, E) onto L. The assertions follow. □ 

The following observation will be useful in the proof of Theorem B. 

Lemma 3.17 For each f G C a (U,K) and a G E, we have fa G C a (U,E), 
and the following linear map is continuous: 

9: E -> C a (U,E), a^fa. 

Proof. The map m a : K — > E, x h- >■ xa is continuous linear, whence /a = 
m a o/ g C a (U,E) (see Lemma|22SD. Let A AV : C a (U,E) -> C(y </3> ,£) be 
as in Definition O and define A| F : C Q (f/,K) -> C(y </3> ,K) analogously. 
Then 

A py o9: E — > C(l /</3> , i?) 

is continuous. In fact, we can write A i gy(^(a)) = A^y(m a o /) = m a o 
A?y(/) = A¥y(/) • c a , where the dot denotes the continuous module multi- 
plication C(y < /3> , K) x C{V <l3> , E) -> C(V<' 3> , J E)fromLemmaE2l](f) and 
the continuous linear map Z£ — >• C(V </3> , £7), a h-» c a is as in Lemma [B.17I 
Hence 6* is continuous. □ 
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Remark 3.18 In our terminology, [T^l Lemma 3.9] asserts that, for each 
complete ultrametric field IK, locally cartesian subset P C K n and compact 
set K C U of the form K — K\ x • • • x K n , there exists a cartesian open 
subset V C U with K C y. The next example shows that this assertion is 
incorrect 0~Therefore the definition of the topology of "topology of compact 
cartesian convergence" in [20, pp. 24-25] does not work as stated (instead, 
one should only consider compact sets which are contained in some cartesian 
open subset V of the domain of definition). 

Example 3.19 Let U — (Vi x V 2 ) U (W\ x W 2 ), v and w be as in Exam- 
ple and K := {0} x {t>,«;}. Then K does not have an open cartesian 
neighbourhood in P. 

[Suppose that Pi x P 2 C P is open and P" C P x x P 2 . Then G Pi and 
n, u> G P 2 . Since (p m , v) — > (0, i> ) as m — > oo and (p m , v) G P, there is m G N 
such that (p m , v) G Pi x P 2 . Thus p m G Pi and hence (p m , w) G Pi x P 2 C P. 
Now (Q p x W 2 ) H P = Wi x W 2 . As this set does not contain (p m ,w), we 
have reached a contradiction.] 

Alternatively, note that if a locally cartesian set P C K n satisfies the conclu- 
sion of [121 Lemma 3.9], then P >/3< is dense in U <l3> for each 8 G Nq. We 



have seen in Example 12.101 that P does not have this propertyo 

4 Proof of Theorem A 

If x G P, then p, := f(x, .) = / v (x) G C P (V, E). To see this, let Q C ^ be a 
cartesian open subset and 77 G N™ such that 77 < /3. There is an open cartesian 
subset PCP such that x G P. It is clear that (/|p x q) >(0,,,)< (z, y) = 
C/*Iq) >7?< (2/) for all y G Q>"<. Hence (/|p x q) <(0 ' ,j)> (x, .) : Q <r?> -> P is a 
continuous extension for (f x \o) >ri< and thus f x is C' 3 . 

We claim: If f G C^ a,l3 \U x V,P) ; P C P and Q C ^ are cartesian open 
subsets, 7 G Nq itnt/i 7 < a and n G N™ wrf/i r\< ft, then 



7 In the main cases when J7 is open [TBI 5.12] or cartesian, the assertion is correct. 

8 Given x € [/ <,9> , define *Q := {4°, . ,.,^'jforie {1, ...,n}. Then if := X 
• • • x if n C J7, by definition of U <l3> . If an open cartesian set V C {/ with K C V exists, 
then 2; 6 T^ </9> , which is in the closure of y >/3< . Hence x is in the closure of U >/3< . 




(A,,Q0/V| p) >7< (x)(|/) = / 



>(7>»?)< 



0,2/) 



(19) 
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for all (x,y) G P >7< x Q>*K = (Q x p)>(™)<, w/iere A^q denotes t/ie map 
^(F,£)^C(g<">,E),^^>. 

If this is true, holding x fixed we deduce that 

(A V!Q o n>-y<(x)(y) = (/|pxq) <( ™ }> 
for all (x, y) G P >7< x Q <v> (by continuity). Thus 

(A,,Q°/ V ) >7< (^) = ((/|pxq) <( ^ )> ) v (x) 

for all x G P >7< . As the maps ((/|pxQ) <(7 ' r,)> ) v : P <J> -»> C(Q <r »,E) 
are continuous (see Proposition IB. 15|) . we deduce that each of the maps 
A„,qo/ v | p is C a , with 

(A,, Q or|p)< 7 > = ((/|p xQ )<^>) v . (20) 

Using Lemmas Ml EM and we see that f y \ P is C Q . Hence / v is C Q , 
by Definition 12. 151 (b) . Since A^q is continuous linear, Lemma 12 . 261 and ( 12 Op 
show that 

\,Q o ((/ v |p) <7> ) = (A„ iQ o /v| p )<7> = ((f\ PxQ )<™)>y . (21) 

By Proposition IB.15| the map 

V-y^q- C(P <7> x Q <r »,E) -> C(F <7> ,C(Q < " > ,P)), ft4li v 

is a topological embedding. Let $ be as in Theorem A and consider the 
mappings A 7jP : C a {U, C^(V, E)) -> C(P <7> , C^(V, £)), p ^ # <7> and 
A( 7ir) ),PxQ: <^ Q,/3) (^ x V 3 E) -> C(P <7> x Q <r »,E), h h> fc<(™)> (where 
(P x Q)<(™> = P <7> x Q <??> ). We can then re-read Q2D as 

C(P <7> , A^q) o A 7iP o $ = * 7)J7) p,q o A (7 (22) 

Let O be the compact-open C^'^-topology on C^ a, ^{U x V 3 E 1 ) and T be 
the initial topology with respect to $. Since O is initial with respect to the 
maps A^ ^ pxq and the topology on C(P <7> x Q <v> , 2?) is initial with re- 
spect to \1/ 7i??j p i q, the transitivity of initial topologies shows that O is initial 
with respect to the maps ^ lt ^,p,Q ° A(y,rj),PxQ- 

The topology on C^(V,E) being initial with respect to the maps A v> q, 
Lemma IB .41 shows that the topology on C(P <7> , C^(V, E)) is initial with 
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respect to the maps C(P <7> , A^q). Also, the topology on C a (U, C P (V, E)) 
is initial with respect to the maps A 7j p. Hence, by transitivity of initial 
topologies, T is the initial topology with respect to the maps 

C(P <7> ,A„, Q )oA 7 ,po$. 

By f[2"2"j) . these maps coincide with ^ ltV ,p,Q ° A^y p x q. Comparing with the 
preceding description of O as an initial topology, we see that O = T. Since 
$ is also injective, we deduce that $ is a topological embedding. 

If K is metrizable, we have to show that $ is surjective. To this end, 
let g G C a {U,C p {V } E)). Then g: U -> C P (V,E) is continuous (see Re- 
mark I2TT5J), entailing that g is continuous also as a map U — > C(V,E) (see 
Remark 13.21 (d)). Since U x V is metrizable and hence a k-space, we deduce 
with Proposition IB.151 that 

f:=g*:UxV^E, f(x,y) = g(x)(y) 

is continuous. Now 

WiQ := \ q oA 7 ,p(5) G C(P <7> ,C(Q<">,i<;)). 

Because P <7> x Q <v> is metrizable and hence a k-space, Proposition IB.151 
shows that the associated map 

9j, v ,p,q ■ P<1> x Q <V> -+ E i V) ^ 9j,v,P,Q(x)(y) 
is continuous. We claim that 

(/|pxq) < = 9 , 7, ?7 ,P,q|p>t<xQ>'7<- (23) 

If this is true, then g~„ Pt q provides a continuous extension for (f\pxQ) > ^ r ' r, ^ < 
to P <7> x Q <r » = (PxQ)<™>. Hence / is Moreover, $(/) = f 7 = 

(# A ) V = 9- Thus, it only remains to prove the claims. 

Proof of the first claim. Since A Vt Q is linear, we have (A^q o / v |p) >7< = 
A^q ° (/ v |p) >7< - Let y G Q. Because the point evaluation e y : C@(V, E) — > 
E, g i-> ^(y) is linear, we have 

e„ (/ V Ip) >7< = (e» ° / V ) >7< = ^ /(z, Z/)) >7< . 

Hence (/ v |p) >7< (z)(?/) = (e„ o (/ v |p) >7< )(z) is given by (j3J) for a; G P >7< , 
replacing /3 with 7, V with P and / with /(., y) there. Holding x G P >7< 
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fixed in the resulting formula, we use (@J to calculate A r/i g((/ v |p) >7< (x))(?/) 
for y G Q >n< . We obtain that A j?i q((/ v | p ) >7< (x))(?/) is given by 



E EE E II - 

jl=0 Jn=0u=0 j m =0 fei^j! fcn^'n Jn X fcn 

II (1) _ (1) ' • • • ' II (m) _ (m) ) ^ ( X h ' • • • ' ^'J ' • • • ' yij)' ( 24 ) 

Using (J4]) to calculate (flpxCj)'*^ < { x , y), we get the same formula. 

Proof of the second claim. For y G Q and x G P >7< , we can calculate 
(07|p)^<))(x)(y) = (e y o((g\ P )>K))(x) = (s y og\ P )>~«(x) = (/(., y)| P )> 7 <(x) 
using (jl]). Holding x fixed, we can apply (jl]) again and infer that P q(x, y) 
= (A Vt Q o A 7jP (#))(#, y) is given for ?/ G Q >,?< by (1241) . Using (jl]), the same 
formula is obtained for {f\pxQ) > ^ 1 ' r ^ < { x i y). This completes the proof of the 
claim and hence completes the proof of Theorem A. □ 



5 Proof of Theorem B 

The proof is by induction on n G N. 

The case n = 1. Thus a = (r) with r := a.\. For E = K and r < oo, 
the assertion was established in [20] Proposition 11.40], and one can proceed 
analogously if r < oo and E is an ultrametric Banach space. 

Now let E be a locally convex space, / G C r (U, E) and W C C r (U, E) be an 
open 0-neighbourhood. 

The case r < oo. Let E be a completion of E with E <Z E. Since C r (U, E) 
carries the topology induced by C r (U,E) (see Lemma [3.141) . we have W = 
W n C r {U,E) for some open 0-neighbourhood W C C r (U,E). Now £ = 
limi? 9 for certain ultrametric Banach spaces ||.|| 9 ), with continuous linear 

limit maps <p q : E — > E q with dense image. Then C r (U,E) = lim C r (U, E q ) 

with respect to the maps C r (U,(j) q ) (see Lemma [3. 16p . After shrinking W 
(and W), we may therefore assume that W = C r (U, (? )~ 1 (^) for some q and 
open 0-neighbourhood V C C r (U,E q ). By the case of ultrametric Banach 
spaces, there exists <? G LocPol< r ([7, £7 g ) such that ix q o f — g G V. Thus, there 
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are I G N, clopen subsets U%, . . . , Ui C {/ and Cjj G i? g for z G {0, 1, . . . , r} 
and j G {1, . . . , £} such that 

r i 
t=0 i=l 

where 1^ :£/—>■ K takes the value 1 on f/j, and vanishes elsewhere. Let us 
write X 1 : U — > K for the function By Lemma [3.17[ there are open 

neighbourhoods Qij C i? g of cy such that 

i=0 i=l 

for all bi j G Qij- Since <p q {E) is dense in E^, there exist j G i? such that 
4> q {ai,j) G Qy. Hence /i := J^ =0 X)j=i X^UjUij e LocPol< r (£7, £) and 



<f> q o(f-h) = <f> q of -^^Xnu^j) G V. 

Thus / — /i G C r (U, = and thus / -/ieW ? n£? = W. 

If r = oo, recall from Lemma EES that C°°(U,E) = lim C k (U,E). We 

< — fceN 

may therefore assume that If = yn C°°(U, E) for some /c G No and open 0- 
neighbourhood V C C h (U, E). By the preceding, there is h G LocPol<fc(£/, £*) 
such that f-heV. Then / - h G V n C°°(£/, E) = W. 

Induction step. If n > 2, we write U = Ui x U' with [/CI and [/' C K™" 1 . 
We also write a = {r,a r ) with r G N U {oo} and a' G (N U {oo}) n_1 . 
Let / G C a (U,E) and W C C a (U,E) be an open 0-neighbourhood. By 
Theorem A, the map 

$: C7 a (f/,£) -> C r ([/i,C Q ' ([/',£)), /^/ v 

is an isomorphism of topological vector spaces. Hence = ^~ 1 (V) for 
some open 0-neig hbourhood V C C"(E/i, C a ([/', £)). By induction, there 
exists 3 G LocPol< r (t/i,C a '(?7',S)) with $(/) — g £ V. There are £ G N, 
clopen subsets R±, . . . , Re Q Ui and cy G C a ([/', £/) for z G {0, 1, . . . , r} and 
j G {1, . . . , £} such that 

r i 
i=o i=i 
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using the characteristic function 1r : U\ — > K. Write X l :XJ\ — > IK for 
the function x H- x l . By Lemma 13.171 there are open neighhbourhoods 
Qi,j C C Q '([/', E) of such that 

r i 
i=0 i=l 

for all bij G Qjj. By induction, we find 6jj G D LocPol< Q ,/(f/ / , £"). Then 

r I 

g: U ^ E, g{x,x') := y~] y~] o^Ir. (x)b i j(x') for x e U 1 , x' e U' 

i=Q j=l 

is an element of LocPo1<q,(£7, E). Since $(#) = X}I=o Ylj=i ^ l ^-Rjh,j, we have 
$(/) — $(<?) G V and thus f — g E W. This completes the proof. □ 



6 Proof of Theorem C 

For x G Z p and z/ G No, as usual we define 

fx\ _ x(x — 1) • • • (x — V + 1) 

(see, e.g., [211 Definition 47.1]). This is a polynomial function in x of degree za 
Since ( ^ J G No if x G N, the density of N in Z p and continuity of 
entail that 

^ j G Z p for all x G Z p . (25) 
For n G N, z/ G and ) EZ" we consider the product 




Let T n be the set of all finite subsets of Nq. We make T n a directed set by 
means of inclusion of sets, <:=C. 
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Lemma 6.1 Let E be a topological vector space over Q p , n G N and a v G E 
for v G Nq. Assume that, for each ieZ™ the limit 



a, (26) 



o/ £/ie net of finite partial sums exists. Then the family (a u ) ve ^n ^ uniquely 
determined by f; the coefficient a v can be recovered via 



»v — 



^(-l)M-M ( » ) /(/i ) (27) 



(where the summation is over all /jgNJ swc/i £/ia£ /i < v). In particular, a v 
is contained in the additive subgroup of(E,+) generated by /(Nq). 

Proof. We closely follow the treatment of the one- dimensional scalar-valued 
case in the proof of [2"Tj Theorem 52.1]. For j G {l,...,n}, define the 
operator dj : E p — > E " via 

(Sjf)(x) := f(x + ej) - f(x), 

where ej = (0, . . . , 0, 1, 0, . . . , 0) with only a non-zero j-th entry. Performing 
the calculations on [2D pp. 152-153] in each of the variables x n , x n _i, . . . , X\ 
in turn, we obtain 

= K 1 ---C/)(o,...,o) 

= E ■ ■ • E ("l)^ 1 ^ 1 ■ ■ • (-l)""/(/il, • • • , /in), 
"1=0 Hn=0 

which can be written more compactly as ( 127|) . □ 



Definition 6.2 If E is a vector space over Q p and / : Z" — > E a function, we 
take (|27p as the definition of G i? and call a v the Mahler coefficient 
of f . The series (net of finite partial sums) 




of functions Z" — >■ E is called the Mahler series of f. 
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Remark 6.3 Let / be as in Defintion 16. 2\ a u G E be its v-th. Mahler coef- 
ficient and A : E — > F be a continuous linear map to a topological Q p - vector 
space F. Applying A to f l27|) . we see that A(a u ) is the v-th Mahler coefficient 
of the continuous function A o f : Z" — >• F. 

Definition 6.4 Let X be a set, E be a locally convex space over an ultra- 
metric field IK and w : X — > ]0, oof be a function. We define c (X, w, E) as the 
space of all / : X — > E such that, for each ultrametric continuous seminorm 
q on E and e > 0, there exists a finite subset $ C X such that 

(VxGl\$) w(x)q(f(x)) < e. 

We endow c (X, u>, E) with the locally convex topology defined by the ultra- 
metric seminorms given by 

\\f\\w, q ■= swp{w(x)q(f(x)) : x E X} e [0, oof. 

If w is the constant function 1, we abbreviate c (X,E) := c (X,l,E) and 

|| • || q,oo • || • || l,q- 

Lemma 6.5 Let X, w and E be as in Definition 16.41 and A: E — >■ F be a 

continuous linear map to a locally convex space F over K. Then A o / e 
co(X, u;, F) /or eac/i / G co(X, w,E), and the map 

cq(X,w,X): cq(X,w,E) ->■ c (X,w,F), / A o / 

is continuous and linear. If X is a linear topological embedding, then also 
Co(X,w,X). 

Proof. If g is an ultrametric continuous seminorm on F, then q o A is 
an ultrametric continuous seminorm on E. If e > 0, there exists a finite 
subset § C X such that sup{w(x)(g o A)(/(x)): x G X \ $} < e. Since 
° ^){fi x )) — q{{^ ° f)i x )), we see th & t A o / g c (X, F). Because 

||Ao/|| W) g = ||/|U, g oA < ||/|U,goA, 

the linear map c (X,w, A) is continuous. 

If A is a topological embedding, then c (X, w, A) is injective. Hence c (X, w, A) 
will be an embedding if the initial topology on cq(X,w,E) with respect to 
Co(X, w,X) coincides with the given topology. But this is a special case of 
the next lemma. □ 
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Lemma 6.6 Let X, w and E be as in Definition 16.41 and assume that the 
topology on E is initial with respect to a family (Aj) Jg j of linear mappings 
\j \ E — > Ej to locally convex spaces Ej. Then the topology on cq{X, w, E) is 
initial with respect to the family (co(X, w, Xj))jeJ- 

Proof. By hypothesis, the locally convex vector topology on E can be 
defined by the seminorms q o Xj, for j £ J and q ranging through the ultra- 
metric continuous seminorms on Ej. The given locally convex topology O 
on cq(X, w,E) is therefore defined by the seminorms of the form ||.|| W) goA-- 
On the other hand, the initial topology T on cq(X, w, E) with respect to the 
maps cq{X, 10, Xj) is the locally convex vector topology defined by the ultra- 
metric seminorms || .\\ W) q ° Cq(X, w, Xj). As these coincide with the seminorms 
IMU.qoA- from above, O = T follows. □ 



Lemma 6.7 Let X , w and E be as in Definition 16.41 The locally convex 
space cq(X, w, E) has the following properties: 

(a) If E is metrizable, then cq(X,w,E) is metrizable. 

(b) If E is complete (resp., sequentially complete), then also c (X,w,E) is 
complete (resp., sequentially complete). 

(c) If E is an ultrametric Banach space, then also Cq(X,w,E). 

Proof, (a) If E is metrizable, then its vector topology is defined by a count- 
able set Q of ultrametric seminorms. Then {||.|| q £ Q} is a count- 
able set of ultrametric seminorms that defines the locally convex topology of 
co(X, w,E), and hence cq(X, w,E) is metrizable. 

(b) If E is complete, let (hj)j^j be a Cauchy net in cq(X,w,E). Since the 
point evaluation e x : cq(X,w,E) — > E is continuous and linear for x £ X, 
we see that {hj{x))j & j is a Cauchy net in E and hence convergent to some 
h(x) £ E. Given an ultrametric continuous seminorm q on E and e > 0, 
there exists j £ J such that \\hj — h k \\ WA < e for all j,k £ J such that 
J: k > jo. For fixed x £ X, we therefore have w(x)q(hj(x) — hk(x)) < e for 
all j,k £ J such that j, k > j . Passing to the limit in k, we see that 

(Vj > j )(\fx £ X) t i ;(a;) ? (/i j (z) - h(x)) < e. (28) 
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Hence w(x)q(h(x)) < w(x)q(hj ) +e and thus h G c (X, w, E), with < 
H^iolU,? + £ - Now (T2%j) can be read as \\hj — h\\ WA < e for all j > j . Thus 
hj — > h, showing the completeness of co(X, w,E). 

(c) If the ultrametric norm q := |.| defines the vector topology on E, then 
||.||u,,g is an ultrametric norm that defines the vector topology on c (X, w, E) 
and makes it an ultrametric Banach space (by (b)). □ 

We abbreviate c (X, A) := c (X, 1, A). 

Lemma 6.8 Let X and Y be sets, v. X — > ]0,oo[ and w: Y — >• ]0,oo[ be 
functions and E be a locally convex space over an ultrametric field K. Define 
v g) w : X x Y — > ]0, oof via (v <g) w)(x, y) := v(x)w(y). Then f v (x) := f x := 
f(x, .) G c (F, u>, E) for each x G X and f G c (X x Y,v(g>w,E). Moreover, 
/ v G c (X, v, c (F, w, E)), and the map 

Q:c (XxY,v®w,E)^ c (X, v, c (Y, w, E)), f ^ J v 
is an isomorphism of topological vector spaces with inverse 

^: c (X,v,c (Y,w,E)) ^ c (X xY,v®w,E), g^g A , 
where g A (x, y) := g(x)(y). 

Proof. Let q be an ultrametric continuous seminorm on E and e > 0. Fix 
z G X. There exists a finite subset $CIxZ such that v(x)w(y)q(f(x, y)) < 
min{e, v{z)e) for all (x, y) G (X x V) \$. After increasing <3>, we may assume 
that $ = $i x $ 2 with finite subsets $i C X, $ 2 C y. For y G F \ $ 2 , 
we then have w(y)q(f(z,y)) < e, and we deduce that / z G c (Y,w,E). 
Moreover, for all x G E \ $i and all y G F we have v(x)w(y)q(f(x, y)) < e. 
Passing to the supremum over y, we obtain u^H/xll^g < e. Hence / v G 
Co (X, v, Co (F, w, E)) indeed. Because 

\\f\\v®w, q = sup{v(x)w(y)q(f(x, y)) : x G X,y G F} 

= supw(x) sup w(y)q(f(x, y)) = sup v(a;) || /„. = ||/ v || B ,||.|| Wl „ 

the injective linear map is a topological embedding. To see that is 
surjective, let g G cq(X, v, cq(Y, w, E)). Define g A : X x F — )■ E 1 , g A (x,y) : = 
g(x)(y). If we can show that g A G c (X x F, v £g> w,E), then 0(g A ) = 
(5 ,A ) V = # proves the surjectivity. To this end, let q and e be as before. 
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Then there is a finite subset $1 C X such that v(x)\\g(x) \\ w<g < e for all 
x G X \ For each x G $1, there exists a finite subset C F such 
that w(x)v(y)q(g(x)(y)) < e for all y G F \ H^. Set $ 2 := \J xeiS)i E x and 
$ := $1 x $ 2 . If (x,y) G (X x F) \ $, then x G X \ $i (in which case 
v(x)w(y)q(g(x)(y)) < v(x)\\g(x)\\ W)q < e) or x G $i and j/ G F \ $ 2 , in 
which case y G F \ E x and thus w(x)v(y)q(g(x)(y)) < e as well. Thus 
# A G c (X x F, v <g> to, £■) indeed. □ 

If X is a compact space, E a locally convex space over an ultrametric field 
and q an ultrametric continuous seminorm on E, we obtain an ultrametric 
continuous seminorm on C(X, E) via 

H/IU := sup{q(f(x)) : x G X} G [0, oo[ for / G C(X, £). 



Lemma 6.9 Let E be a locally convex space over Q p and fiflE—tEbe 
a continuous function, with Mahler coefficients a u (f) for v G Nq . Then 
the Mahler series of f converges uniformly to f (i.e., it converges to f in 
C(Z%,E)). Further, (a u (f)) ueN n e c (N^E), and the map 

A n , E := {a v ) ue ®n: C(U p \E) c(NJ,£), / m- (a„(/)) veN » 

a linear topological embedding with 

||A^(/)IU = |I/IU (29) 

for each continuous ultrametric seminorm q on E. If E is sequentially 
complete, then A n ^ E is an isomorphism of topological vector spaces. 

Proof. Let E be a completion of E with E C E. The proof is by induction 
on n G N. If n — 1, then one finds as in [2H p. 156, Exercise 52E(v)@ that 
q(a v (f)) — ?• as f — > oo, for each / G C(Z p ,E) and continuous ultrametric 
seminorm g on £J. Hence Ai E (f) G cq(Z p ,E). Since 

g ((* )*,(/)) <<?M/)), (30) 

we deduce that the Mahler series of / converges uniformly in C(Z P ,E), to 
a continuous function g: Z p — )■ E 1 . As in the cited exercise, one finds that 

9 Due to a misprint, the exercise is labelled Exercice 52. D, like the previous one. 
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f(x) = g(x) for x G No and hence for all x G Z p , by continuity. The Mahler 
series thus converges uniformly to /. We now deduce from (1317]) and (12"E1) that 

ll/IU < sup^M/)): v G N } = ||A ljS (/)|| ?j0O . 

Conversely, (1271) entails that q(a u (f)) < ||/|| 9 ,oo for each v G No- Hence also 
||-^i,£;(/)||g,oo < ||/||g,oo, and (129]) follows. It is clear that is linear, and 
Lemma [67T1 implies that A^e is injective (noting that / is given by its Mahler 
series, as just shown). Summing up, A^e is a linear topological embedding. 

If E is sequentially complete, let b = (b u ) ue ?q () G c (No,E). Then the limit 

ueNo ( ) ^ ex ists in E, uniformly in x, and hence defines a con- 
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tinuous function f:Z p -¥E. By Lemma [6TTI A^sif) — {K)v&io- Thus 
is also surjective and hence an isomorphism of topological vector spaces. 

Induction step. If n > 2, abbreviate F := C(Z™ _1 ,i?). This space is se- 
quentially complete if E is sequentially complete, by Lemma [B. 211 (e). Now 
f v :Z p — > C(Zp~ 1 ,E) — F, x !->■ /j, := f(x,») is continuous, for each 
/ G C(Z™,£), and the map 

$: C(Z;,E)^C(Z p ,F), /^/ v 

is an isomorphism of topological vector spaces (see Proposition IB.151) . By 
the case n = 1, the map 

A hF :C(Z p ,F)^c (N ,F) 

is a linear topological embedding (and an isomorphism if E and hence F is 
sequentially complete). Since A n _^E is a linear topological embedding by 
induction (and an isomorphism if E is sequentially complete), also the map 

c (N , A n ^ E ) : c (No, F) -> c (N , c^N^ 1 , £)) 

is a topological embedding (resp., an isomorphism), by Lemma [6.51 Finally, 

*: c (No, co(Nr x , E)) -> c(N» £), <? ^ <? A 

(with g A (^i, . . . , f n ) := fi f (^i)(^2, • • • , ^n)) is an isomorphism of topological 
vector spaces, by Lemma ESI Hence ^ o c (N , A n _ 1)E ) ° A\ t p o $ is a linear 
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topological embedding (and an isomorphism if E is sequentially complete). 
We claim that 

o c (N , K-ijs) o A ltF o $ = A niE . (31) 

If this is true, then all assertions are verified, except for (129|) . However, ( |29|) 
readily follows from (|27|) and ( )30|) . as in the case n = 1. 

To verify the claim, let v = (y\,i/) with v\ G No and v' G Nq" 1 . For 
/i' G N^ -1 such that // < fi, the point evaluation e^r. C{Nq~ 1 ,E) -)• 
(7 <?(//) is continuous linear. Using Remark [6 .3[ we deduce that 

^(nK)^) = eAMAn^)) = ^((v°/ v )(^) 
= a 1)E (/(.,^))(^) 



E(-ir- w (^)/(A*i,M0- 



(32) 



Mi=0 

As a consequence, 

(*oc (No,A,-l,s)oA 1 , F o $)(/)(!/) = #(A n _ 1)B oA ljF (/ V ))(z/) 

= (^^oVlfD^ilM = A n _ hE (A 1>F (n(^W) 

= E^'^'f^ )^ (/V)( ^ )(Ai,) 

= E(- 1 ) MHmI ( £ ) = A^(/)W, 

using fl32|) to obtain the penultimate equality. □ 

6.10 For a G N£, define u> a : Nft -> ]0, oo[ via w a (v) := z/ a := 

Proposition 6.11 In t/ie situation of Theorem C, the map 

A a E : C a (Z n p ,E) ^ c (Nlw a ,E) 

taking a function to its Mahler coefficients is an isomorphism of topological 
vector spaces. 
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Proof of Theorem C and Proposition 16.111 The final assertion of The- 
orem C is a special case of Corollary 19.31 (see also Remark l9.4p . whence we 
omit its proof here. The other assertions are proved by induction on n G N. 

The case n = 1. Write a = (r) with r G N . If / G C(Z p ,E), let 
(fli/(/))i/eNo be the sequence of Mahler coefficients of /. Using ultrametric 
continuous seminorms instead of |.|, we can repeat the proof of [211 Theo- 
rem 54.1] (devoted the scalar- valued case) and find that / is C T if and only 
if q{av{f))v r — > as v — > oo, for each ultrametric continuous seminorm q 
on E. In particular, we can define a map 

A r E : C r (Z p ,E) c (N,w r ,E), f ^ Mf))„ mo . 

It is clear that A r E is linear, and it is injective (by Lemma I6.ip . To see 
that A r E is also surjective (and hence an isomorphism of vector spaces), let 
b = (6j,)j, e N G co(N, w r ,E). Since w r > 1, we have b G cq(N,E). As 
is assumed sequentially complete, this entails the existence of a continuous 
function f:Z p — > E with Mahler coefficients b v (Lemma 16. 9j) . But then 
/ G C r {Z p ,E) by the characterization of C r -functions just obtained, and 
now b = A r E (f) by construction of /. 

To see that A E is an isomorphism of topological vector spaces, it only re- 
mains to show that A E is a topological embedding. We may assume that 
E is completely Thus E = limE^ for some ultrametric Banach spaces E q , 

with limit maps n q : E — > E q . Then the topology on C r CZ p ,E) is initial 
with respect to the maps C r (Z p ,ir q ) (Lemma 13 . 1 3[) and the topology on 
c (N ,w r , E) is initial with respect to the maps c (N , w r , 7i q ) (Lemma 16. 6p . 
Hence, using the transitivity of initial topologies, the initial topology T on 
C r (Z p ,i?) with respect to the map A E is also initial with respect to the 
maps Co (No, w r , n q ) o A\ = A\ o C r (Z p , 7r q ) (where the equality of both sides 
comes from Remark 16. 3p . If we can show that each A E is an embedding, 
then the topology on C r (Z p ,E q ) is initial with respect to A E and hence 
the compact-open C r -topology O on C r (Z p , E) is initial with respect to the 
maps A Eij o C r (Z p ,7i q ). It therefore coincides with T, whence the bijective 
map A l E is a homeomorphism (and hence an isomorphism of topological 
vector spaces). 

10 If E is a completion of E containing E, then C r (Z p ,E) embeds into C r (Z p ,E) (see 
Lemma f3 . 1 2 1) and co(No,w r , E) embeds into co(No, w r , E) fLemma !6.5|) . whence A\, will 
be an embedding if E~ is so. 
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By the preceding, it suffices to show that A E is an isomorphism of topological 
vector spaces if E is an ultrametric Banach space. In this case, C r (Z p , E) is 
an ultrametric Banach space (Lemma 13.111 (f)). Also co(No, w r , E) is an ul- 
trametric Banach space (Lemma 16.71) . Since A l E is an isomorphism of vector 
spaces, the Closed Graph Theorem (see, e.g., [221 Proposition 8.5]) implies 
that A\ will be an isomorphism of topological vector spaces if its graph 

r :={(/, ^(/)): fee 

is closed in C r (Z p ,E) x co(N ,w r , E). To verify the latter, let (fi)i<=n be a 
sequence in C r (Z p ,E) which converges to some / G C r (Z p ,E), such that 
A l E (fi) converges in co(No,w r , E) to some b = (b u ) ue ^ e co(N , w r , E). The 
topology on co(No, w r , E) being finer than the topology of pointwise conver- 
gence, the point evaluation 

e v : c (N , w r , E) -> E, (c M ) MeNf) h+ c v 

is continuous, for each v e No- Hence A E (fi) — > b implies a u (fi) — > b v . But 
a-vifi) —> a-u(f), as is clear from ( 1271) . Hence / has the Mahler coefficients b v 
and thus (/, b) = (/, A E (f)) G T, proving that T is closed. 

Induction step. If n > 2, write a = (ai,a') with oti G No and a' G Nq _1 . 
Since E is sequentially complete and Q p is metrizable, H := C a (Z™" 1 , E) is 
sequentially complete (Lemma 13. 111 (b)). The map 

$ Q : C°(Z£, E) C Q1 (Z P , C a '(Z£-\ £)), / h- / v 

is an isomorphism of topological vector spaces, by Theorem A. Since H is se- 
quentially complete, A°£ : C ai (Z p , C a '(Z£ -1 , E)) -> c (N , u/ ai , ^'(Z^ 1 , £)) 
is an isomorphism of topological vector spaces (by the case n = 1). Because E 
is sequentially complete, the map A E : C a (Z" _1 ,i?) — > c (No _1 , w a i, E) is 
an isomorphism of topological vector spaces, by induction. Finally, the map 
^ a : co(No, w ai , co(Mo _1 , w a r, E)) — > c (Nq, w a , E), h i— > h A is an isomorphism 
of topological vector spaces, by Lemma ISTBl (using that w ai £g> w a > = w a ). 
Hence also the map 

6 Q := V a o c (N , ^,^) o A% o $ a : C Q (Z™, E) c (N^, w a , £?) 

is an isomorphism of topological vector spaces. Note that G Q is a restric- 
tion of the composition 9 = A nj E considered in (13T1) . Hence Q a (f) is the 
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family of Mahler coefficients of /, if / G C a {Z%,E). Thus (a v (f)) ve% = 
® a (f) £ c (Nq, i?) in this case, i.e., dTJ holds. Conversely, assume that 
/ G C(Z™, £) and QT) is satisfied, i.e., 6 := (a^/))^ g c (N^, w a , E). Then 
<7 := 6„ 1 (&) G C a (Z",i?). Since / and g have the same Mahler coefficients, 
/ = g e C a {Z%, E) follows. □ 



7 C a -maps on subsets of K ni X • • • X K n£ 

In this section, IK is a topological field and E a topological K-vector space. 

Definition 7.1 Let rii, . . . , ne G N, n :— n\ H h r^, a G (No U {oo}) £ and 

U C K n be a locally cartesian subset. We let C a (U,E) be the space of all 
C a -maps f : U —t E (as defined before Theorem D). Thus 

C a (U,E)= p| C^,£), (33) 

/3<EN a 

where iV a is the set of all /? = (ft, . . . , ft) G N™ = N™ 1 x • ■ ■ x N^ such that 
I ft I < «j for all j G {1, . . . ,£}. We endow C a (U, E) with the initial topology 
O with respect to the inclusion maps 

ip: C a (U,E)^C?(U,E), 

using the compact-open C^-topology on the right-hand side. We call O the 
compact-open C a -topology on C a (U,E). 

If rij = 1 for each j, then the new definition of the compact-open C a -topology 
on C a (U,E) coincides with the earlier one (cf. Lemma [3. 8p . 

Taking £ = 1, we have a = (r) with some r G No U {oo}. Then the C^-maps 
are precisely the C r -maps, defined as follows: 

Definition 7.2 Let K be a topological field, U C K n be a locally cartesian 
subset, E a topological K-vector space and r G No U {oo}. A map / ' : U — >■ -E 
is called C r if it is C a for all a G Nq such that \a\ < r. 

Remark 7.3 In the cases when U is open or U is cartesian, this corre- 
sponds to the Definition of (7cj DS -rnaps given by the author in [TTJ (based on 
ideas from (21] and [7]). In this case, the compact-open C r -topology (without 
that name) was already introduced in the preprint version of [XT] (see 
Definition B.l in arXiv:math/0609041vl), and (for U open) shown to 
coincide with the topology on C r (U,E) introduced earlier in [13j3 (see 

n The latter is even defined if U is an open set in an arbitrary topological vector space. 
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Theorem B.2 in the preprint version of [H]). The step to locally cartesian 
sets was performed in |19j . 

Lemma 7.4 The mapping 

i := (Lp)^ : C a (U, E)^H C\U, E) (34) 

is a linear topological embedding with closed image. 

Proof. Because the topology on P := Ylp &N C (U, E) is initial with the 
respect to the projections pr^- : P — > C^(U,E), the initial topology T on 
C a (U, E) with respect to i coincides with the initial topology with respect to 
the maps pr^ 01 = tp (by transitivity of initial topologies), and hence with O. 
Thus, being also injective, i is a topological embedding. The linearity is clear. 
For each (3 G N a , the inclusion map lq,p : C^(U, E) — > C(U, E) is continuous. 
Since 

im( t ) = {(f v )r,eN a : (V/3, 7 e N a ) fp = / 7 } 

= f| {/ G P: (i ,p o pr/3 )(/) = (6 0>7 o pr 7 )(/)}, 

im(t) is closed. □ 



Remark 7.5 Let a G (No U {oo}) £ and £7 C K n be a locally cartesian subset 
with n = n\ + • • • + ng. It is essential for the proofs of Propositions 19. 1 II and 
19.121 that various results from Section [3] remain valid for the more general 
C a -maps on U in the sense of Definition I7.lt 

(a) Lemma [3.51 remains valid. 

[For /? G N a , let ip : C a {U, E) -» C P {U, E) and <| : C Q (S, £) ->• C^S, £7) 
be the inclusion maps and pp : C^(U, E) — > C@(S, E) be the restriction 
map, which is continuous linear by Lemma 13 .51 Then tf o p = pp o ip 
is continuous and hence also p.] 

(b) Lemma [3.61 remains valid. 

[Let p a be as in the lemma, pp A : C^(U,E) — > C^(U a ,E) be the re- 
striction map and L P>a : C a (U a ,E) C^(U,E) the inclusion map for 
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f3 G N a , a G A. As a consequence of Lemma 13. 6j the compact- 
open C°-topology on C a (U,E) is initial with respect to the maps 
P/3, a ° t,8 = ^/3,a ° Pa and hence also with respect to the maps p a .] 

Lemma [5751 carries over in the sense that C a (U, E) = lim C^(U, E), 
where Sq, is the set of all j3 G Nq with /3 < <x 

[Consider the inclusion maps t 7 : C a (U,E) — > C^iU^E) for 7 G iV a , as 
well as the inclusion maps tg j7 : C 7 ([/,-E) — >• C^(U,E) for 7 G iV a and 
/3 G B r We have C a {U,E) = f| (3eBa C^{U,E), and the initial topol- 
ogy on C a (U,E) with respect to the inclusion maps 0^: C a {U,E) — >■ 
C^(U,E) for (3 E B a coincides with the initial topology with respect 
to the maps i 7)J g o ^ = t 7) for (5 E B a and 7 G iV^ C iV a . Since 
Ufl6B a N/3 = N a , this is the compact-open C^-topology.] 

Lemma 13.121 remains valid. 

[For ft e N a , consider the inclusion maps if: C a (U,E) ->■ C^{U,E) 
and tj: C Q ([7, F) -)• C^tf, F). Since t|" o A) = C^(C7, A) o L f is 

continuous by Lemma [3. 12[ C a {U, A) is continuous. If A is an embed- 
ding, then the topology on C^{U, E) is initial with respect to C^(U, A), 
whence the compact-open C°-topology on C a (U,E) is initial with re- 
spect to the maps C^(U, A) o ^ = if o C a (U, A), which is also initial 
with respect to C a (U, A). The latter map being also injective, it is a 
topological embedding.] 

Lemma 13.151 remains valid. 

[For /3 G N a , consider the inclusion maps if: C a (U,E) -»■ C P (U,E) 

and t| J ': C a (U,Ej) -»■ C^(U,Ej). The initial topology on C a (U,E) 
with respect to the maps C a (U, pVj) coincides with the initial topology 
with respect to the maps o C a (U, pij) = C^(U, pr^) o tj\ In view 
of Lemma 13. 15[ it is therefore also initial with respect to the maps tf, 
and hence coincides with the compact-open C a -topology.] 

Lemma 13.161 remains valid. 

[Using (d) and (e) from this remark instead of Lemmas 13.141 and 13. 15} 
we can repeat the proof of Lemma [3. 161 ] 

Lemma 13.171 remains valid. 



43 



[Let 9 be as in the lemma and 9p\ E — >■ C"(U, i?) be the corresponding 
map for j5 G N a . Then Lpo9 = 9@ is continuous, by Lemma 13. 171 Hence 
9 is continuous.] 

Lemma 7.6 Let U be a locally cartesian subset of K ni x • • • x K ne = K n 
with nx,...,ri£ G N and n = ri\ + • • • + ri£, and a G (N U {oo}) e . Let V 
be a cover of U by cartesian open subsets V C U , and U be a basis of open 
§ -neighbourhoods of E. Then a basis of open § -neighbourhoods in C a (U,E) 
is given by finite intersections of sets of the form 

{feC a (U,E): (f\ v )<e>e [K,Q\} (35) 

with VeV,QeU,/3eN a and compact subsets K C V </3> of the form 
K = Kl +IBl x ■ • • x K^ + ^ n with compact subsets K u . . . , K n C K. 

Proof. Step 1. Let V = V\ x ■ ■ • x V n be an open cartesian subset of U 
and /3 G N a . For i G {1, . . . , n}, let ^ : x ■ ■ • x K 1+/3n — > be the 

projection onto the i-th component. For j G {1, . . . , l + /?j}, let 71^ : K 1+/3i — >• 
IK be the projection onto the j'-th component. If K is a compact subset of 
y<0> = y/ +/31 x ■ • • x V n 1+/ S then also the larger set x ■ • • x K l n + ^ C 

V^ </3> is compact, where := U]=i l 7r j,*( 7r i(^))- 

Step 2. In view of Step 1 and Lemma [B. 211 (b). the sets \_K, Q\ with Q G W 
and K C V </3> a compact set of the form K\ +l31 x • • • x -K^ +/3n form a basis 
W^y of open O-neighbourhoods in C(V <l3> , E). 

Step 3. As a consequence of Definition 17.11 and Lemma I3.3[ the topology 
on C a (U,E) is initial with respect to the maps A^y o tg with /? G iV a and 
V G V, whence the injective map 

A:C a (U,E)^ J] C(V<P>,E), f (Ap,v(f))f**.,V0> 
!3eN a ,veV 

is a topological embedding. A basis of open O-neighbourhoods of the di- 
rect product is given by sets of the form W = Yip y Wpy, where Wpy — 
C(V </3> , E) for all but finitely many (/3,V), and the remaining ones are in 
the basis Upy °f open O-neighbourhoods in C(V </3> , E). Because A is a 
topological embedding, it follows that the pre-images A~ l {W) form a basis 
of O-neighbourhoods in C a (U, E). These are the finite intersections described 
in the lemma. □ 
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8 Proof of Theorem D 

For 7 G N a and rj E Np, the map 

$ 7)7? : C (7 ^(^x V,E) -+(F(U,C r '(V,E)), f^f v 

is a linear topological embedding, by Theorem A. Because the topology on 
C"(V, E) is initial with respect to the inclusion maps 

i v :C^(V,E)^C^V,E), 

the topology on C J (U,C r, (V,E)) is initial with respect to the (inclusion) 
maps 

C^(U, l v ) : C 7 (f/, C $ (V t E)) ->• C 7 (£7, £)) 

(see Lemma [3.13p . By definition, the topology on C^ a '^'(U x V, E) is initial 
with respect to the inclusion maps A 7ir , : C^(U X V, E) -> C^(U xV,E), 
for (7, 77) G iV( Q)/ 3) = iV a x jVJj. Likewise, the topology on C a (U, C@(V, E)) is 
initial with respect to the inclusion maps 

A 7 : C a (U,CP(V,E)) ->• Cn(U,C p (V,E)) for 7 G iV a . 

Let / G C^(U x V, and x £ U. Let 7 G JV a . For each 77 G A73, the map 
/ is C<™\ whence /„ G C"?(V, £), by Theorem A. Hence /„ is & . Since / is 
C^' v \ the map / v is C 7 as a map to (^(V, £7) (by Theorem A). Considering 
now f v as a map to C"(V, E), this means that i v o f v is C 7 for each rj G iVjg. 
Using Lemmas [731 and OH this implies that f v :U^ C^(V : E) is C 7 . 
Hence, because 7 G ATq, was arbitrary, f y : Z7 — > C^(V, E) is C a . 

It is clear that $ is injective and linear. Let T be the initial topology on 
C a (U,C^(V,E)) with respect to $. By the transitivity of initial topologies, 
this topology coincides with the initial topology with respect to the maps 
A 7 o $, for 7 G N a . Again by transitivity, this topology coincides with the 
initial topology with respect to the maps C 7 (U,l v ) o A 7 o $, for 7 G N a , 
r] G Np. But C 7 ([7, i^) o A 7 o $ = $ 7 ?? o A 7iJ? . Hence T coincides with the 
initial topology with respect to the maps $ 7 tV o A 7jJ? . By transitivity of initial 
topologies, this topology is initial with respect to the maps A 7)7J and hence 
coincides with the compact-open C^ 01 '^' -topology on C^ a '^(U x V, E) Thus 
$ is a linear topological embedding. 

If K is metrizable and g G C a (U, C^(V, E)), define g A : UxV E,g A (x,y) := 
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g(x)(y). Let 7 G iV Q and 77 G ATg. Then 51 is a C 7 -map to C^(V, E) and also 
(because the inclusion map l v is continuous linear) a C 7 -map to C n (V, E). 
Hence # A = $~„(g) is C^. Thus # A is and since # = $(# A ), the 

linear embedding $ is surjective and hence an isomorphism of topological 
vector spaces. □ 



9 Further extensions and consequences 

We collect consequences and generalizations of the previous results on Mahler 
expansions. Afterwards, we return to the approximation of functions by lo- 
cally polynomial functions. We also obtain results concerning approximation 
by polynomial functions. Certain weighted co-spaces will be used: 

Definition 9.1 Let X be a set, W be a non-empty set of functions 
w : X — > ]0, 00 [ and E be a locally convex space over an ultrametric field K. 
We set 

ca(X,W,E) := p| co(X, w,E) 

and endow this space with the locally convex vector topology O defined by the 
set of ultrametric seminorms for w G W and continuous ultrametric 

seminorms q on E. Thus O is the initial topology with respect to the inclusion 
maps 

A w : Cq(X, W, E) -»■ c (X, w, E), for w G W. (36) 

Proposition 9.2 Let E be a sequentially complete locally convex p-adic vec- 
tor space, ni,...,n £ G N, a G (N U {00})^ and N a be the set of all 
(3 = (/3i,...,/? £ ) G Nq 1 x ■ ■ • x Nq £ = Nq such that \p d \ < aj for all 
j G {1, . . . ,£}. Let f : (1^ p ) n — >■ E be a continuous function and a u (f) G E be 
the Mahler coefficients of f . Then f is C a if and only if 

q(a u (f))v p ^ as \v\ -»• 00 (37) 

for each j3 G N a and ultrametric continuous seminorm q on E. Moreover, 
the map 

A%: C a (Z;,E) c (NlW a ,E), f ^ Mf)U^ 

is an isomorphism of topological vector spaces, forW a := {w@: (5 G N a } with 
W/3 as in 16.101 
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Proof. The continuous map / is C a if and only if it is C 13 for each j3 G N a 
(see Definition 17. ip . By Theorem A, this holds if and only if (a v {f))u&fS G 
co(Nq, wp, E) for each (3 G N a . By Definition 19.11 this condition is equivalent 
to (a v (f))ueN% G co(Nq, W a , E). By Proposition 16.11 the map A% is injective. 
To verify that A E is surjective, let b = (b u ) ue fqn e Co(Nq, W a , E). Then b G 
c (N£, u^, E) for each /3 G N a . By Proposition EXQ we find fp G C^(Z£, £) 
with Mahler coefficients b v . The uniqueness in Proposition 16.11 entails that 
/ := fp is independent of 0. Hence / G C\peN a E ) = C a (Zp, E), and 
A E (f) = b by construction. Hence is surjective and hence an isomorphism 
of vector spaces. For ft G N a , let ip : C Q (Z™, E) -> C^(Z£, £7) be the inclusion 
map. By Proposition I6.11[ the topology on C"{fUl, £7) is initial with respect 
to the map A E : C^(Z P n, £?) — )■ Co(No, u>/3, £7). Hence the compact-open C a - 
topology O on C a (Z™,£7) is initial with respect to the maps A E o tp } for 
/3 G iV a . Let T be the topology on C a (WQ,E) which is initial with respect 
to A%. By transitivity of initial topologies, T is also initial with respect to 
the maps K Wf} o A E = A E o ip (using notation as in (155])). and hence coincides 
with O. □ 



Corollary 9.3 In the situation of Proposition I9.2|, let f: (Z p ) n E be a 
continuous function and a u (f) G E be the Mahler coefficients of f . Let N' a 
be the set of all {3 = (pi, ... , fy) G N a such that, for each i G {1, . . . , £}, the 
Hi-tupel fti G Nq 1 has at most one non-zero component. Then f is C a if and 
only if 

q{a v {f))v p ^ as \v\ -»• oo (38) 

for each (3 G N' a and ultrametric continuous seminorm q on E. Moreover, 
the map 

C a (Z n p ,E) -> coiNlW'^E), f ^ (a„(/))„ 6N « 
is an isomorphism of topological vector spaces, for W' a := {wp: (3 G N' a }. 

Proof. Let J be the set of all j = (ji, ■ ■ ■ such that ji G {1, . . . , n^} for 
% G {1, . . . ,£}. If (3 G N a and j G J, define G iV a via (3[j) := (r/i, . . . , %), 
where ^ G Nq* has 1/3$ | as its jj-th component, while all other components 
are 0. If v = (vi, . . . , u e ) G Mq 1 x • • • x Nq 1 with v { = (u^, . . . , ^,„J, then 

i/f < max{z^i, . . . ,^,„J lftl 

and hence 

/<ma X {^-^: (./, .h) C ./}. (39) 
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Hence, if (138 j) is satisfied for all /3 G N' a , then also for all (3 G N a . The 
converse is obvious as N' a C iV a . Thus Proposition 19.21 shows that indeed / 
is C° if and only if (J3SJ is satisfied for all /3 G A^. By ((39]), we have 

tup < m&x{wp[j] : j G J} (40) 

(as a pointwise maximum), entailing that co(Nq , W a , E) = co(Nq, W a , E) as 
a vector space. We also deduce from (j4"U]) that 

II-IUm < max { II • llw/sy],« : 3 e J } 

(as a pointwise maximum) for each ultrametric continuous seminorm q on E. 
Thus c (Nq , W a , E) = c (No , W' a , E) as a topological vector space. The final 
assertion therefore follows from the final conclusion of Proposition 19.21 □ 

Remark 9.4 To deduce the final assertion of Theorem C from Corollary l9.3l 

note that 

w rei {v) = v\ < \v\ r < n r max{i/[, . . . , u^} < n r max{w re ,(^) : i G {1, . . . , n}} 
for v G Nq 4 . 

Corollary 9.5 Let E be a sequentially complete locally convex space over Q p 
and f : U — > E be a function on an open subset [/CZJJ. Let fc 6 No. Then 
f is C k if and only if f is C( k '°->°\ C ( -°> k > >~' \ ... , C^-' ' k '^ and C(°.-.°. fe ). 

Proof. Each point x G U has an open neighbourhood of the form x + p m Z™ 
for some m G No- The assertions now follow from Corollary 19.31 applied 
(with 1=1 and a = (k)) to the function g: — > E, g(y) := f(x + p m y). □ 

Compare already [71 p. 140] for the characterization of C 1 -functions 
f:Zl^Q p via (with £ = 1). Related results for C fe -functions Z™ — > K 
(where K is a finite field extension of Q p ) and topologies on spaces of such 
functions can also be found in [2HI 54-65]. 

The following lemma will help us to pass from compact cartesian sets to 
compact locally cartesian (and more general) sets in some results. 

Lemma 9.6 Let (K, |.|) be an ultrametric field, n G N, U C K n 6e a compact 
locally cartesian set and X be an open cover ofU. Then the following holds: 
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(a) There exist m G N and disjoint compact, cartesian, relatively open 
subsets Wi, . . . , W m ofU subordinate to X such that U = WiU- ■ -UW m . 

(b) The sets W\ , W m in (a) can be chosen in such a way that Wj = 
U fl Qj for certain disjoint clopen cartesian subsets Qi, . . . , Q m of~K n . 

Proof, (a) Consider the ultrametric D on K a defined via 

D(x,y) : = max{|xi - y x |, . . . , \x n - y n \} 

for x — (xi, . . . , x n ) and y = (y±, . . . , y n ) in K n . Let d := D\uxu be the 
metric induced on U. Because U is locally cartesian, there exists a cover 
V of U consisting of cartesian, relatively open subsets V C U. Let r > 
be a Lebesgue number for the open cover V of the compact metric space U. 
Thus, for each x e U, there exists V x G V such that Bf(x) C V^. Write 
- Vi x • • • x 7„ with Vi,. . . ,14 C K. After decreasing r if necessary, we 
may assume that r also is a Lebesgue number for A\ Then 

B d r (x) = UnB?(x) = V x nB°(x) = (V 1 x---xV n )n(Bf(x 1 )x Bf(x n )) 
= (V 1 nBf(x 1 ))x---x(V n nBf(x n )) 

is a cartesian, relatively open subset of U. The ultrametric equality implies 
that, if x, y G £/, then either Bf{x) = Bf(y) or Bf{x) n = 0. Hence 

P := {5 r d (x): iG(/} 

is a partition of [/ into disjoint open and compact cartesian sets. By com- 
pactness of U, the set P is finite, say P = {Ui, . . . , U m } with disjoint sets 
Ui, . . . , C/ m . Finally, because r is a Lebesgue number for X, each (and 
hence each Uj) is contained in some set X & X. Hence Ui, . . . , £/ m is subor- 
dinate to X. 

(b) If x,y eU and S r D (x) n B?(y) ^ 0, then S r D (a;) = B?{y) (as a conse- 
quence of the ultrametric inequality) and hence Bf(x) = Bf(y). Therefore, if 
Uj = Bf(xj) in the proof of (a) (for j G {1, . . . , m}), then also the clopen sub- 
sets Qi := B®(xi), . . . , Q m := B^(x m ) of K n are disjoint. By construction, 

u j = unQ j . □ 

Lemma 9.7 Zet (X, d) be a complete metric space which is perfect (i.e., 
without isolated points) . Then every compact subset K of X is contained in 
a perfect compact subset L of X . 
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Proof. We may assume that if / f). Being compact and metrizable, K 
has a countable dense subset. Thus, we find x n G K for n G N such that 
.D := {x n : n G N} is dense in if. Define Fi := {x{\. For x G F\ U {x 2 }, 
choose y 2 ,x G X \ {x} such that d(x, y 2 ,x) < 2~ 2 , and set 

F 2 := F 1 U {x 2 } U {</ 2 ,z : x G Fi U {x 2 }}. 

Recursively, if F n _i has already been defined, choose y n>x G X \ {x} for 
x G F n _i U {x n }, such that d(x, y njX ) < 2 _n , and set 

F n := F n _i U {x n } U {y n>x : x G F n _i U {x n }}. 

Because F := IJneN ^» contains D, its closure L := F contains if as a subset. 
To see that L does not have isolated points, it suffices to show this for F. 
Now each x G F is an element of F m for some m G N. Then x G F n for each 
n > m, and F n contains the point y niS 7^ x with <i(x, y„ jX ) < 2~ n . Hence x is 
not isolated in F. 

Note that each set F n is finite and F-i C F 2 C • • • . For each m G N, we have 

F m+ i C B^ (m+1) (F m ) U B^-tm+i) (K) = B^_ (m+1) (F m U F) 
and hence, by a simple induction based on the triangle inequality, 

Fm+n Q ^2-( m + 1 )H |-2-(»»»+n) (F m U K) C F^-m (F m U F) 

for each n G N. Therefore 

F <ZB d 2 - m (F m VJK). (41) 

Because L, being closed in X, is complete in the induced metric, it will be 
compact if we can show that it is precompact. To prove this, let e > 0. 
Choose m G N such that 2~ m < |. Because K is compact, there is a finite 
subset $ C K such that F C {j x& ^ B*, 2 (x). Then $ U F m is a finite subset 
of L and we claim that 

LC |J F £ d (x) (42) 

(whence L is precompact and the proof is complete). To prove the claim, it 
suffices to show that 

FC |J BU +£ _(x) (43) 

x€>S>UF m 
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(as F is dense in L and the right-hand side is closed and contained in that 
of (01])). Let y G F. By (JUD, we have y G B%_ m (x) for some x6f m UK If 
x G F m , then 2/ is in the right-hand side of f H3|) . If re € X, then re G B^ 2 (z) 
for some 2 G $ and thus y G Bi_ m ix) C Bi_ m ,Az), which is a subset of the 
union in (H31 . □ 



Lemma 9.8 Let (K, |.|) be a complete ultrametric field and U C K n be a 
locally closed, locally cartesian subset. Then the following holds: 

(a) // x G U, then every neighbourhood W C U of x contains an open 
cartesian neighbourhood V C U of x which is closed in K n . 

(b) If V C [/ is an open cartesian subset which is closed in K. n , then 
every compact subset K cy is contained in a compact cartesian subset 
LCV. 

(c) Every compact set K C U is contained in a compact, locally cartesian 
subset of U. 

(d) Consider U as a subset ofW 11 x • ■ ■ x ~K ne with n\ + ■ ■ • + = n, and let 
a G (No U {oo}) £ . Then the topology on C a (U, E) is initial with respect 
to the restriction maps 

p K : C a (U,E)^C a (K,E), 

for K ranging through the set of all compact cartesian subsets of U. 

(e) Every -neighbourhood in C a (U,E) contains a -neighbourhood of the 
form pJ^iQ) for some compact, locally cartesian subset K C U and 
-neighbourhood Q C C a (K,E). 

Proof, (a) Because U is locally cartesian, after shrinking W , we may assume 
that W is cartesian. Since U is locally closed, there exists a neighbourhood 
C C U of x such that C C W . Let C° be the interior of C relative U. 
There exists a clopen cartesian subset Q C K n with x G Q (e.g., a small ball 
around rr with respect to the maximum norm) such that [/ fl Q C C°. Then 
V := U n Q is open in?7and^ = C7ny = Cnf/n(5 = CnQis closed 
in K n . Moreover, V = PI Q is cartesian (see 12.31) . 
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(b) We have V = V% x • • • x V n with closed subsets V±, . . . ,V n C K 
without isolated points. Being closed in K, the sets Vj are complete. Let 
pr^ : K n — > K be the projection onto the j-th component, for j G {1, . . . , n}. 
Then Kj := pr-(iir) is a compact subset of Vj and hence contained in a 
compact perfect subset Lj C Vj, by Lemma I97TI Now L := L\ x ■ ■ • x L n is 
a compact, cartesian subset of V and contains X. 

(c) Let V be the set of all open, cartesian subsets of U which are closed 
in K n . By (a), V is an open cover of U. Define the ultrametric D on W 1 
as in the proof of Lemma [9761 (a) . Let d := D\u x u be the metric induced 
on U and djc := d\xxK be the metric induced on K. We let 5 > be a 
Lebesgue number for the open cover V of K. Thus, for each x G K, there 
exists V x G V such that Bf{x) C 14 . Because K is compact and is 
an ultrametric, we have {L>5 K (:r): x G = {W^., . . . , W^} with finitely 
many disjoint set W x , . . . , W m . We have = B d 5 K (xj) for some a;, G X. 
Then also the sets Yj := Bf(xj) are disjoint for j G {1, . . . , m}. Note that 
Yj = Bf(xj) fl V^ is cartesian (see I2.3[) . open in U and closed in K n . The 
sets Kj := K HYj being compact, (b) provides a compact cartesian subset 
Lj C Y^- such that Xj C Lj. Because the cartesian sets Lj are disjoint and 
closed, it is clear that L := L\ U • • • U L m is locally cartesian. Moreover, L is 
compact, a subset of U, and contains A7 = K\ U • • • U K m . 

(d) Let T be the initial topology on C a (U,E) with respect to the map- 
pings pk- By Remark [7751 (a). the compact-open C a -topology O on C a (U, E) 
makes each of the maps px continuous and linear. Hence T C O. For the 
converse, let W C C a (U,E) be a O-neighbourhood. Let V be the set of all 
open cartesian subsets of U which are closed in K n . By (a), V is a cover 
of U. Thus Lemma 17.61 provides . . . , f3 m G N a and Vi, . . . , V m G V with 
(3j = • ■ ■ , /3j, n ) and Vj = Vj t i x ■ ■ • x Vj >n for j G {1, . . . , m}; compact 
subsets C Vj </3)> such that A"j = kA n x • • • x K^f 3 ' n with compact sub- 
sets C K for i G {1, . . . , n}] and open 0- neighbourhoods Qi, . . . , Q m C L 1 
such that 

where A Pj>Vj : C a (U,E) C((Vj) </3j> , L 1 ), / ^ (/| v ,) <ft> . Then is a 
compact subset of Vjj and hence Cj := Kj t x x • • ■ x i^- n a compact subset 
of Vj. By (b), there exists a compact cartesian subset Lj = Lj t \ x ■ •• x 
Lj >n C Vj such that Cj C Lj and thus Xj j C Lj j for all i. Consider the 
continuous linear maps 6p jjLj : C a (Lj,E) -»■ C(Lf J> ,E), f t-t /<&> Then 
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:= tip L-{\.Kj'Qj\) * s an °P en O-neighbourhood in C a (Lj,E) and P = 
flj=i PZ-(Pj) * s °P en with respect to T. Hence OCT and O = T follows. 

(e) By (d), each O-neighbourhood W C C a (U, E) contains a O-neighbour- 
hood of the form P := Px\(Qi) D • • • PI p% {Q m ) for some m G N, com- 
pact cartesian sets fCj C Z7 and O-neighbourhoods Qj C C a (Kj, E), for 
j G {1, . . . , m}. By (c), Ki U • • • U is contained in a compact, locally 
cartesian subset K C U. Let p^: C a {U,E) —¥ C a (K,E) and pKj,K '■ 
C a (K,E) — >■ C a (Kj,E) be the restriction maps, which are continuous 
linear by Remark 17.51 (a). Then Q := Hjli PxJ ^ s a O-neighbourhood 

in C a (K, E) and Pk 3 ,k ° Pk = Pk 4 entails that P = pj/(Q)- □ 

9.9 Let IK be a field, E be a K- vector space, . . . , ng G N, n := ni + - • -+n£ 
and a G (No U {oo}) £ . A function p: [/ ->£ona subset {/ C K n is called a 
polynomial function of multidegree < a if there exist ap E E for multi-indices 
/3 = (&,...,&) G Nq 1 x •••x = Nq with 1/3,1 < a, for j G {1,. ..,£}, 
such that = for all but finitely many /3 and 

p(x) = x^a/j for all x — (x%, . . . , x n ) G £/. 

/3<a 

We write Po\< a (U, E) for the space of all such p. If (IK, |.|) is a valued field, 
U C K n a subset and E" a topological IK-vector space, we say that a function 
/: [/ — > E is locally polynomial of multidegree < a if each x E U has an 
open neighbourhood V in U such that /|y = p for some polynomial function 
p: K" D V" — > E of multidegree < a. We write LocPol< a ([7, E) for the space 
of all locally polynomial E- valued functions of multidegree < a on U. 

Lemma 9.10 Let (K, |.|) be an ultrametric field, U C K™ 1 x • • • x K™ £ = K n 
fre a compact locally cartesian set, where ni, . . . ng G N and n = ni + ■ ■ • + ng. 
Let a G (No U {oo}) £ and / G LocPol< a ([7, -E). TTien i/jere exists a function 
g G LocPol< a (IK n , E) such that g\u = f. 

Proof. We may assume that U ^ 0. Let X be the set of all open subsets 
X C U such that /|x G Pol< a (X, £"). By Lemma |9.6[ there exist disjoint 
clopen subsets Qi, . . . , Q m of K n such that the intersections Wj := Qj H U 
form an open cover of U for j G {1, . . . , m} and H^- C Xj for some Xj E X. 
Thus, there arepj G Pol< Q ,(IK ri , E) such that Pjlwj- = f\w y Define g: K™ — >■ E 
via g(x) := Pj(x) if x G Qj, g(x) := if x G IK n \ (Qi U • ■ ■ U Q m ). Because 
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the sets Q m are clopen and disjoint, we have g G LocPol< a (K n , E). Also 
g\u = f, using that g\ w . = pj\ Wj = f\ w . and U = W x U • • • U W m . □ 

Then the following analogue of Theorem B holds: 

Proposition 9.11 For every complete ultrametric field K, locally convex 
topological K-vector space E, ni,...,ri£ G N, a G (N U {oo}) £ and 
locally closed, locally cartesian subset U C K™ 1 x • ■ ■ x WL ne = K n zirci/i 
n := n\ + • • ■ + ni, the space LocPol< a (£/, E) of E-valued locally polynomial 
functions of multidegree < a is dense in C a (U,E). 

Proof. Step 1: If U is a compact cartesian subset of K n , we can prove the 
assertion by induction on n G N: 

The case n — 1. Then a = (r) with r := a^. For i? = K and r < oo, 
the assertion was established in [201 Proposition 11.40], and one can proceed 
analogously if r < oo and E is an ultrametric Banach space. We can now 
pass to general locally convex spaces and r G No U {oo} as in the proof of 
Theorem B, using the analogues of Lemmas 13. 8[ 13.121 (subsuming 13. 14p . 13.161 
and 13.171 for C a -maps on U C IK™ 1 x • • • x K ne described in Remark [7751 (c), 
(d), (f) and (g), respectively. 

Induction step. If n > 2, we write U — U\ x U' with compact cartesian 
subsets Ui C K ni and (/'CPx-xP. We also write a = (r, a') 
with r G N U {oo} and a' G (No U {oo})^ 1 . Using Theorem D instead 
of Theorem A and replacing YH=o with Yl\i/\< r an< ^ ^ with v (where the 
summation is over all v G Nq 1 such that \v\ < r), we can perform the 
induction step as in the proof of Theorem B. 

Step 2: If U is a compact, locally cartesian subset of K n , then U = W\ U ■ ■ ■ U 
W m is a disjoint union of certain compact, relatively open, cartesian subsets 
Wi, . . . , W m of U (see Lemma 19.61) . As a consequence of Lemma 12.241 and 
Remark 17.51 (b). the map 

m 

p = ( Pj )f =l : C a (U,E) l[C a (W„E), f ^ (f\ Wj )f =1 

i=i 

is an isomorphism of topological vector spaces. Let / G C a (U,E) and 
P C C a (U,E) be a neighbourhood of /. By the preceding, we may as- 
sume that P = p _1 (-Pi x ••• x P m ) with neighbourhoods Pj C C a (Wj,E) 
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of f\w for j G {1, . . . , m}. By Step 1, for each j there exists some gj G 
Pj n LocPol< a (iyj-, E 1 ). We define g: U -> E via := gj-(x) if a; G V^-. 
Then g E P and g G LocPol< a (£7, E), showing that the latter is dense. 

Step 3. Finally, let U C K" be a locally closed, locally cartesian subset, 
/ G C a (U,E) and P C C a (U,E) be a O-neighbourhood. By Lemma EEBl(e), 
we may assume that 

P = Pk(Q) 

for some compact, locally cartesian subset K oiU and open O-neighbourhood 
Q C C a (K,E). By Step 2, there exists # G + Q) n LocPol< a (E~, E). 
Using Lemma [9.101 we find h G LocPol< Q ,(C/, E) such that = g. Then 
ft. G {f\x + Q) = f + P an d thus LocPo1<q,(?7, E) is dense. □ 

Proposition 9.12 For every complete ultrametric field K, locally convex 
topological K-vector space E, m,...,ni G N, a G (No U {oo}) £ and 
locally closed, locally cartesian subset U C K ni x • • • x K n * = K n 
n := ni + • • • + ri£, the space Pol(£7, E) of E-valued polynomial functions 
is dense in C a (U, E). 

Proof. Step 1. If U C K n is a compact cartesian set, the proof is by 
induction on £. 

If I — 1, then a = (r) with r := ct\. For E = K and r < oo, the assertion 
was established in [201 Corollary 11.42], and one can proceed analogously if 
r < oo and E is an ultrametric Banach space. 

Now let E be a locally convex space, / G C r (U, E) and W C C r (U, E) be an 
open O-neighbourhood. 

The case r < oo. Let £7 and g : E — >■ E q be as in the proof of Theorem B. 
Repeating the arguments (with Remark 17.51 (d) and (f ) instead of Lemmas 
13.141 and 13. 16j) . we may assume that W = C r (U, E) n W for some open 0- 
neighbourhood W C C r (U,E), and W = C r (U, 9 ) _1 (y) for some g and 
open O-neighbourhood V C C r (U,E q ). By the case of ultrametric Banach 
spaces, there exists g G Pol (£7, Eg) such that g o / — g G V. Thus, there 
exists a finite subset 6 C Ng and c u G E g for i/ G 6 such that 
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By Lemma 13.171 there are open neighbourhoods Q u C E q of c v such that 

for all G Q v . Since 4> q {E) is dense in there exist a u <E E such that 
<j> q {a v ) G Hence /i := J^ee a? " a ^ e Pol(£/,i£) and 

<f) q o{f-h) = (j) q of-Y^ x v a v G V. 

wee 

Thus / - h G C r (t/, = W and thus /-/i£lfnE = ^ 

If r = oo, we can argue as in the proof of Theorem B, replacing Lemma [3.81 
with Remark 17.51 (c). 

Induction step. If I > 2, we write C/ — U\ x U' with compact cartesian 
sets [/ C K ni and [/' C K" 2 x - xK"«. We also write a = (r, a') with 
r G N U{oo} and a' G (N U {oo})^ 1 . Let / G C a (U,E) and W C C Q ([/,£) 
be an open 0- neighbourhood. By Theorem D, the map 

$:C a {U,E)->C r (U 1 ,C c '{U , ,E)), f^f y 

is an isomorphism of topological vector spaces. Hence W = <&~ 1 (V) for some 
open 0-neighbourhood V C C r (Ui,C a (U',E)). By induction, there exists 
g G Po\(U u C a '(U',E)) with $(/) - j e V. Thus, there is a finite subset 
6 C Nq 1 and c v G C a '(U', E) for v G 6 such that 

By Remark 17.51 (g). there are open neig hbourhoods Q v C C a (17', £) of c 
such that 

$(/)-J]nev 

for all 6„ G Qy, where [/i — >• K, x (->■ s^. By induction, we find G 
Q v nPol(C/',E). Then 

g: U ^ E, g(x,x') := y^x v b u (x') for x e Ui, x' E U' 
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is an element of Pol(U,E). Since $(#) = x^, we have $(/)-$(#) G V 

and thus / — g G W. 

Step 2. Now assume that C/ C K n is compact and locally cartesian. Given / G 
C a (U,E) and an open neighbourhood C C a (U,E) of /, we want to find 
h G WC\Pol(U, E). By Proposition EUD there exists g G WnLocPol< Q (f7, E). 
After replacing / with g, we may assume that / is locally polynomial. Let 
V be a cover of U by open subsets V C [/ on which / is polynomial. By 
Lemma [9761 we can write U = W± U • • • U W m as a disjoint union of relatively 
open, compact, cartesian subsets W\, . . . , W m C [/, of the form W^- = UdQj 
with clopen, cartesian, disjoint subsets Qi, ■ ■ ■ ,Q m Q such that each 
Wj is a subset of some V} G V. By the last property, for each j we find 
Pj G Pol(K", £") such that f\w j = Pj\w r Let pr,: K n — >• K be the projection 
onto the z-th component, for i G {l,...,n}. Then Ki := pv^U) C K is 
compact and does not have isolated points (as Ki = Uj=i P T i(Wj))- Thus 

K := ATx x • ■ ■ x K n C K n 

is a compact cartesian set. We define a (new) function (7: /<" — > E via 
5f(x) := pj(x) if x G KnQj, g(x) := if x G X\(<5 1 U-- -UQ TO ). LemmaETJl 
implies that g G C a (K,E). Moreover, g\u = f. The restriction map 
p: C a (K,E) -> C a (U,E) is continuous (Remark 0(a)), whence is 
an open neighbourhood of g. By Step 1, there exists /t G p~ l (W) C\Po\(K, E). 
Then G W H Pol(C/, and hence Pol(C/, is dense. 

Step 3. Now consider a locally closed, locally cartesian subset t/CK" Let 
/ G C a (U, E) and P C C a (U, E) be an open O-neighbourhood. As in Step 3 
of the proof of Proposition I9.11[ we may assume that P = p^ (Q) for some 
open O-neighbourhood Q C C a (K,E) and compact, locally cartesian subset 
K C U. By Step 2 and Lemma 19.101 there exists p G Pol(J7, E) such that 
f\i< ~ p\k € Q- Thus / — p G Pk(Q) = Pi an d thus Pol(£7, i?) is dense. □ 



A Outlook on related concepts and results 

In this appendix, we give an alternative definition of C a -maps, which applies 
to maps on subsets of arbitrary (possibly infinite-dimensional!) topological 
vector spaces. We also describe various assertions (to be proved elsewhere) 
which will make the theory of C a -maps more complete (but were irrelevant 
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for our current ends). It is natural to approach them with the methods 
developed in 0, 0, 0, HQ, [13], and [H]. 

We recall from [H] (and the earlier work [5], in the case of open sets): 

Definition A.l If K is a topological field, E a topological IK- vector space 
and U C E a subset with dense interior, we define := U and 

U [1] := {(x,y,t) G 17 x E x K: x + ty £ U} . 

Recursively, we let := (t/W)^ for A; G N. If also F is a topological 
IK- vector space and f:U — > F a function, we say that / is C BGN it / is 
continuous, and define := / in the case. We say that / is C BGN if / is 
continuous and there exists a continuous map 

such that fW(x,y,t) = \(f(x + ty) - /(x)) for all (x,y,t) G with i ^ 0. 
Recursively, having defined when / is C BGN and associated maps for 
j G {0, 1, . . . , — 1}, where fc e N, we say that / is C BGN if / is C l BGN and 
/I 1 ! is CfeV Let /W := (/M)^ : £/M ^ F in this case. 

We now define the analogous C a -maps. 

Definition A. 2 Let I be a topological field, E%, . . . , Ei be topological K- 
vector spaces and Uj C Ej be subsets with dense interior, for j G {!,...,£}. 
Let a = (ati, . . . , a^) G (No U {oo}) £ and F be a topological IK- vector space. 
We say that a map /: U\ x • • • x Ui — > F is C^gn ^ there exist continuous 
mappings 

for all /3 G Mq with (3 < a, such that 

/[°^(x,y):=(/(x,0)^ ] (y) 
for all x G C/i x • • • x L^_i and y G JT^ and, recursively, 
f^\x,y,z) := (/W](x,.^))^( y ) 

for all x G C/i x • • • x U^ 1: y G uf ]] and 2 G ET^ 1 x ■ ■ • x t/f <] , with /?' : = 
(/3j + i, . . . , /^). Endow the space C a (U, F)bgn of all C|> GA r-maps / : U —> F 
with the initial topology with respect to the maps 

C a (U,F) BGN ^C(U^,F), f^fW 
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(using the compact-open topology on the right-hand side), for (3 G Nq such 
that f3 < a. 

Then the following holds: 

A. 3 For Ei, . . . , Eg, F and U\, . . . , Ui as before and r G N U {oo}, a map 
/: Ui x • • • x Ui — > F is C^ GiV if and only if / is C a for all a G Nq such that 
\a\ < r (cf. [SJ Lemma 3.9] to get an induction started). More generally, if 
also Hi, . . . , Hk are topological K- vector spaces, Vi C f/j subsets with dense 
interior for z G {1, . . . , k}, (3 G (No U {oo}) fc and 



a map, then / is for all a as before if and only if / is C^'^ on 

Vi x ■ ■ ■ x V k x U C Hi x • ■ ■ x H k x E, with E" := Ei x ■ ■ ■ x E e and 
U\=U 1 X---xU t . 

A. 4 Consider = K nj for j e {!,...,£}, locally cartesian subsets Uj C Ej 
with dense interior, and a G (N U {oo}) e . Let :— Ui x ■ • ■ x Ui and 
/ : [/ — >• E be a function from U to a topological K- vector space E. Then: 

(a) / is C a in the sense of Definition 17. II if and only if / is C p G N . Moreover, 



C a (U, F) = C a {U, F) BGN as a topological vector spaceo 

(b) If K G {M, C} and E is locally convex, then / is C a if and only if 
the partial derivatives d 13 / exist on the interior of U and extend to 
continuous functions d 13 f : U — >■ E (denoted by the same symbol), for 
all /3 G JV . 

See [2], [31 Lemmas 3.17 and 3.18], Proposition 4.5], [H 1.10] and [201 
Proposition 2.18] for special cases of the following Chain Rule: 

A. 5 If /: Ui x ■ ■ ■ x Ug ->■ E is C| GAr and gj : Vj,\ x ■ - • x T^ jfcj -> C E^ 
is (resp., C^ GN ) and < for j G {1, . . . , £}, then the map 

/ o (gi x ■ ■ ■ X g e ) : (V^i x ■■■ x Vi M ) x ■■■ x (V t ,i X • • • X V lM ) F 

is C&'-'M (resp., C { ^ N M ). The composition is also C^'-'M if / i s C a 
and each g 3 is C^. 

12 See already [HI Theorem A] for the case of C r -functions, and Theorem B.2 of its 
preprint- version arXiv :math/0609041vl for the equality of the C"'-topologies. 



/ : Vi x • • • x Vu x Ui x ■ • ■ x Ug ->• E 
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A. 6 If K is R or C, all of Ei, . . . , E%, F are locally convex and U\, . . . ,U~e 
open, then the C^ GN -maps of Definition IA.2I should also coincide with the 
C a -maps discussed in [3] (in the case I = 2) and the work in progress j2] (see 
[SI Proposition 7.4] for the case of C r -maps). Moreover, both approaches 
should give the same topology on C a (U, E) (as in the case of C r -maps settled 
in P31 Proposition 4.19 (d)]). 

A. 7 If Ex, . . . ,Ez, U\ . . . , Ui and a are as in Definition I A. 2\ H := H x X • • • X 
f/fc a direct product of topological IK- vector spaces and / : U\ x • • • x Ui X H — > 
-map such that f(x, .) : Hi x • • • x Hk — > F is fc-linear for all 
x E lli x • • • x Ui, then / is C( a >°°) (cf. [3, Lemma 3.14] for a special case). 

A. 8 Assume that Ei, . . . , Eg, Fi . . . , F& and H are topological vector spaces 
over the topological field K, U C E x X • • • xE t =: E and V C Fi x • • • x F^ =: F 
subsets with dense interior. Let a E (N U{oo}) £ and (3 E (N U{oo}) A: . Then 
f v (x) := f{x,.) E CP(V,H) for each / E C^\U x V, H) and x E U, the 
map f y :U^ C fi (V, H) is C a , and 

$: C^tf x V,H) ->• C a {U,C p {V,H)), f ^ f v 

is a linear topological embedding. If K, F and F are metrizable or IK and 
are locally compact, then $ is a topological embedding!^! 

A. 9 If K and U = U\ x • • • x Ui is locally compact in the situation of 
Definition IA.2[ then the evaluation map 

C a (U,F) xUiX---xU e ^F, (f,x)^ f{x) 

is C(°°> a \ 

(See [2], [21 Proposition 3.20] and [121 Proposition 11.1] for special cases, and 
combine them with lA.TI to increase the order of differentiability in the linear 
first argument). Also the differentiability properties of the composition fog 
as a function of (/, g) can be analyzed (generalizing the discussions in [2] and 
P31 Proposition 11.2]). 

A. 10 If Uj C K n ^ is locally cartesian for j E {1, . . . , £}, U := U x X ■ ■ ■ X U e C 
K n with n := m + • • • + n e , a E (N U {oo}) e and /: C/ -> F is a C a - 
function as in Definition [HJ then Uf pl> x ••• x £/"< ft> -> F is a 

C<a-(l/H-,lft|)>_f mct ion, for each (3 = (fa, . . . , fa) E N a . 

13 Less is needed: Assume that is locally compact for each r\ € Nq such that r\ < /3, 
or that ([/ x F)W is a k-space for all 7 e such that 7 < (a, /3). 
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B The compact-open topology 



In this appendix, we give a self-contained introduction to the compact-open 
topology on function spaces. Most of the results are classical, and no origi- 
nality is claimed (cf. (6J Chapter X, §1 — §3] and [8], for example). However, 
the sources treating the topic do so with a different thrust. Here, we compile 
precisely those results which are the foundation for the study of non-linear 
mappings between function spaces, and their differentiability properties. 

We recall: If X and Y are Hausdorff topological spaces, then the compact- 
open topology on C (X, Y) is the topology given by the subbasis of open 
sets 

[K, U\ := { 7 E C(X, Y) : j(K) C U}, (44) 

for K ranging through the set JC(X) of all compact subsets of X and U 
though the set of open subsets of Y. In other words, finite intersections of 
sets as in (jUj) form a basis for the compact-open topology on C(X, Y). We 
always endow C (X, Y) with the compact-open topology (unless the contrary 
is stated). 

Remark B.l The compact-open topology on C(X, Y) makes the point eval- 
uation 

ev x : C (X, Y) — >■ Y, 7 ^ 7(2) 

continuous, for each x G X. (If U C Y is open, then ev~ 1 (f/) = [{x}, U\ is 
open in C(X,Y)). As the maps ev x separate points on C(X,Y) for x G X, 
it follows that the compact-open topology on C(X, Y) is Hausdorff. 

Lemma B.2 Let X and Y be Hausdorff topological spaces and S be a sub- 
basis of open subsets ofY. Then 

V := {[K,U\: K G /C(X), U G S} 

is a subbasis for the compact-open topology on C(X, Y). 

Proof. Each of the sets V G V is open in the compact-open topology. To 
see that V is a subbasis for the latter, it suffices to show that [K, U\ is open 
in the topology generated by V, for each K G JC(X) and open subset U C Y . 
To check this, let 7 G [K, U\. For each x G K, there is a finite subset F x C S 
such that 

j(x) G P| 5 C U. 
seF x 
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Set S x := f)s£F x Since K is compact and hence locally compact, each 
x G K has a compact neighbourhood K x C 7 _1 (5 , a; ) in if. By compactness, 
there is a finite subset $ C K such that if = IJrre* (where if ° denotes the 
interior of K x relative if). Then V := f\ e $ [K x , S x \ = f\ e<1 , f)seF x \. K xi S \ is 
open in the topology generated by V, and V C |_if, f/J . In fact, let 7 G V. For 
each y G if , there is 1 G f such that y G if,;. Hence j(y) G 7(ifr) C C [/ 
and thus 7 G |_if, J/J . □ 

Mappings between function spaces of the form C(X, /) (so-called superposi- 
tion operators) are used frequently. 

Lemma B.3 Let X , Y\ and Y 2 be Hausdorff topological spaces. If a map 
f : Y\ — > Y2 is continuous, then also the following map is continuous: 

C(XJ):C(X,Y 1 )^C(X,Y 2 ), 7^/07. 

Proof. The map C(X, f) will be continuous if pre-images of subbasic open 
sets are open. To this end, let if G K{X) and U C y 2 be open. Then 
C{XJ)-\[K,U\) = [K,f-\U)\ is open in C(X,Y X ) indeed. □ 



Lemma B.4 Let X and Y be Hausdorff topological spaces. Assume that the 
topology on Y is initial with respect to a family (fj)j£j of maps fy: Y —t Yj 
to Hausdorff topological spaces Yj. Then the compact-open topology on C(X, Y) 
is initial with respect to the family (C(X,fj))j e j of the mappings 

ax.f,): ax.Y)^ax.Y,). 

Proof. Let S be the set of all subsets of Y of the form ff (W), with 
j G J and W an open subset of Yj. By hypothesis, S is a subbasis for 
the topology of Y. Hence, by Lemma \B.2\ the sets [K,ff (W)\ form a 
subbasis for the compact-open topology on C(X, Y), for j, W as before and 
KeK{X). But [K,f7\W)\=C(X,f J )-\[K,W\) (since 7 (if) C fr\W) 
■x^ fji^y^K)) C W <f> (fj o 7) (if) C W), and these sets form a subbasis for 
the initial topology on C(X, Y) with respect to the family (C(X, fj))jej- □ 

We mention three consequences of Lemma IB. 41 

Lemma B.5 If X is a Hausdorff topological space and f: Y\ — > Y 2 is a 
topological embedding of Hausdorff topological spaces, then also the mapping 
C(X,f): C(X,Yi) C(X,Y 2 ) is a topological embedding. 
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Proof. Since / is injective, also C(X,f) is injective. By hypothesis, the 
topology on Yi is initial with respect to /. Hence the topology on C(X, Y]) 
is initial with respect to C(X, f) (by Lemma TB.4j) . As a consequence, the 
injective map C(X,f) is a topological embedding. □ 



Remark B.6 In particular, if X and Y 2 are Hausdorff topological spaces 
and Y% C Y 2 is a subset, endowed with the induced topology, then topology 
induced by C(X, Y 2 ) on C(X, Y\) coincides with the compact-open topology 
onC(X,Y 1 ). 

Next, we deduce that C(X, Ujej Y i) = UjeJ C ( X ^ Y i)- 

Lemma B.7 Let X be a Hausdorff topological space and (Yj)j e j be a fam- 
ily of Hausdorff topological spaces, with cartesian product Y := n^j^j 
(endowed with the product topology) and the projections pr^ : Y — > Yj. Then 
the natural map 

$ := (C(X, pr.OW: C(X,Y) JJC(X,^-) 
is a homeomorphism. 

Proof. The map $ is a bijection (because a map /: X — > Y is continuous if 
and only if all of its components pr^ 0/ are continuous). The topology on Y 
being initial with respect to the family (pr,-)j- e j, the topology on C(X, Y) is 
initial with respect to the family (C(X, Wj))jeJ (Lemma IB.4|) . Thus $ is a 
topological embedding and hence a homeomorphism (being bijective). □ 

It is often useful that C(X,rimY,) = ]imC(X,Yj). 

Lemma B.8 Let (J, <) be a directed set, ((Yj)j e j, {4>j,k)j<k) be a projective 
system of Hausdorff topological spaced and Y be its projective limit, with 
the limit maps fyiY^-Yj. Then the topological space C(X,Y) is the pro- 
jective limit of ((C(X,Yj))j e j, (C(X, <pj k))j<k) , together with the limit maps 

cix^y.cix^^cix^). 

14 Thus <pj t k : Yfe — > Y 3 is a continuous map for j,k S J such that j < k, with <f>j_j = idy- ? . 
and <pj,k <Pk,l — 4>i,l h" J < fc < ^. 
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Proof. Let P := rijej^i anc ^ P r j : P ^Yjhe the projection onto the j-th 
component. It is known that the map 



:Y^P 



is a topological embedding with image <fi(Y) = {(xj)jeJ £ P- (Vjf, & G J) 
j < k ^ Xj = <pj,k(xk)}- Thus C(X,(j)) is a topological embedding (see 
Lemma IB.5j) and hence so is 

$ o c(x </>) : c(x, r) n c{x, y& 

jeJ 

using the homeomorphism $ := (C(X, jyr j))j e j : C(X,P) -> Yl jeJ C(X,Yj) 
from Lemma [B.71 The image of $ o C(X,4>) is contained in the projective 
limit 

L := {(./•),...; G J] C(X, Yj) : (Vj, A; G J) j < fc f 3 = (f) j>k o ./,} 

of the spaces C(X,Yj). If (fj)jeJ £ £ an d x G X, then <f>j,k(fk(x)) = /j(^) 
for all j < k, whence there exists f(x) G Y with cf>j(f(x)) = fj{x). The 
topology on Y being initial with respect to the maps (f)j, we deduce from 
the continuity of the maps <f>j o / = / 3 - that / : X — > Y is continuous. Now 
($ o C(X,4>))(f) = {fj)jeJ- Hence $ o C(X,<f)) is a homeomorphism from 
C(X,Y) onto L, and the assertions follow. □ 

Also composition operators (or pullbacks) C(f,Y) are essential tools. 

Lemma B.9 Let X\, X 2 and Y be Hausdorff topological spaces. If a map 
f : Xi — > X 2 is continuous, then also the map 

C(f,Y):C(X 2 ,Y)^C(X 1 ,Y), 7^7°/ 

is continuous. 

Proof. If K C X\ is compact and U C Y an open set, then f{K) C 
is compact and C(/, F) -1 (Li^, E/j) = L/W^J (since (70/)^) C [/ <S> 
7(/(^))C^for 7 eC(X 2 ,y)). □ 
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Remark B.10 If X 2 and Y are Hausdorff topological spaces and Xi C X 2 
a subset, then the restriction map 

p: C(X 2 ,Y) ^ CiX^Y), 7^7|x a 

is continuous. In fact, since j\x 1 =70 / with the continuous inclusion map 
/: Xi — > X 2 , x 1 y x, we have p = C(f, Y) and Lemma IB. 91 applies. 

Lemma B.ll Let X and Y be Hausdorff topological spaces and (Xj)j e j be 
a family of subsets of X whose interiors Xj cover X . Then the map 

p:C{X,Y)-±\[C{X v Y), 7 ^( 7 | Xj ) ieJ 
is a topological embedding with closed image. 

Proof. It is clear that the map p is injective, and it is continuous since each 
of its components is continuous, by the preceding remark. The image of p 
consists of all (jj)jej G Ylj e jC(Xj,Y) such that 

(Vj, keJ) (Vx e x 3 n x k ) 7j (x) = lk (x) . 

The point evaluation ev^: C(Xj,Y) — > Y and the corresponding one on 
C(X k , Y) are continuous if x G Xj fl X k . Since Y is Hausdorff (and thus the 
diagonal is closed in Y xY), it follows that im(p) is closed. Since p is injective, 
it will be an open map onto its image if it takes the elements of a subbasis 
to relatively open sets. To verify this property, let K C X be compact and 
(JCFbe open. Each x G K is contained in the interior X® x (relative X) for 
some j x G Jo- Because K is locally compact, x has a compact neighbourhood 
K x in K such that C X® x . By compactness, there is a finite subset $ C K 
such that if = IJxe* -^-^ Then H4 := \_K X , U\ C C(Xj x , U) is an open subset 
of C(X A ,r) for all x G $. Hence W := {( 7j ) ie j G fl^j C(X,-, y) : (Vx G 
$) 7i:c G W x } is open in f[ i6 j C(Xj, Y). Since p(L^,f/J) = Wnim{p), we 
see that p(L-^ 5 U\) is relatively open in im(p), which completes the proof. □ 

Lemma B.12 If X is a locally compact space and Y a Hausdorff topological 
space, then the evaluation map 

e: C(X,Y) x X -> Y, ( 7 ,x)^ 7 (x) 

is continuous. 
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Proof. Let U C F be open and (7, x) G By local compactness, there 

exists a compact neighbourhood if C I of a; such that if C 7~ 1 (£7) . Then 
[if, £7J x if is a neighbourhood of (7, x) in C(X, Y) x X and U\ x if C 
£ _1 ([/). As a consequence, e _1 (£7) is open and thus e is continuous. □ 

Lemma B.13 Let X , Y and Z be Hausdorff topological spaces. If Y is 
locally compact, then the composition map 

T : C(Y, Z) x C(X, Y) C(X, Z), (7,^)^70^ 

is continuous. 

Proof. Let if C X be compact and U C Z be an open set. Let (7,77) G 
r _1 (|_if, C/J). For each x G if, there is a compact neighbourhood L x of 77(0;) 
in F such that L x C 7 _1 ([7). We choose a compact neighbourhood M x of 
77(2;) in F such that M x C L°. Then if x := if fl n^ l (M x ) is a compact 
neighbourhood of x in if. Hence, there is a finite subset $ C if such that 
if = IJxe* K-x- Then W := fixe* L-^xj -^°J * s an °P en neighbourhood of 77 in 
C(X, F) and V := fixe* L-^x, i s an open neighbourhood of 7 in C(Y, Z). 
We claim that V xW C T~\[K,U\). If this is true, then r~\U) is open 
and hence T is continuous. To prove the claim, let a G V and r E W. If 
7/ G if, then y E K x for some x G $. Hence r(y) G t(K x ) C L° and thus 
cr(r(y)) G cr(L x ) C £/, showing that er o r G f^J indeed. □ 

Lemma B.14 Le/j X and F 6e Hausdorff topological spaces and £ be a set 
of compact subsets of X . Assume that, for each compact subset if C X and 
open subset V C X with if C V, there exist n G N and ifi, . . . , if n G £ stzc/i 
too* if C UILi £ ^- T/ien ^ e sefa 

[if, £7J , /or if G C and open sets U CY, 

form a basis for the compact-open topology on C(X,Y). 

Proof. Given a compact subset if C X and open subset U C F, let 
7 G L^,f^J- Then F := 7 _1 ([7) is an open subset of X that contains if, 
whence we can find ifi, . . . , if n G £ as described in the hypotheses. Then 
7 G nr=i L^> £ • The assertion follows. □ 
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Proposition B.15 Let X, Y and Z be Hausdorff topological spaces. If 
f : X x Y — >■ Z is continuous, then also 



f:X^C(Y,Z), / v (x) :=/(*,.) 



(45) 



is continuous. Moreover, the map 



$ : C(X x Y, Z) C(X, C(Y, Z)), f ^ f 



•v 



(46) 



zs a topological embedding. If Y is locally compact or X x Y is a k-space, 
then $ is a homeomorphism. 

Proof. Let 7 G C(X xY,Z). To see that 7 V is continuous, let K C F be 
compact and {7 C Z be an open set. If x G X such that 7 v (x) G |_if, C/J, 
then 7({x} x K) C. U and thus the product {x} x K of compact sets is 
contained in the open set 7~ 1 (£7). By the Wallace Lemma [161 5.12], there 
is an open subset V C X with {x} C V and F X if C 7~ 1 (£7). Then 
V" C (7 v ) _1 (|_if, t/J), showing that (7 V )~ 1 ( |_if 3 ) is a neighbourhood of x 
and hence open (as x was arbitrary). Thus 7 V is continuous. 

To see that $ is continuous, recall that the sets \_L, U\, with L G /C(F) and 
open sets U C Z, form a subbasis of the compact-open topology on C(Y, Z). 
Hence, by Lemma IB. 2 1 the sets \_K, \_L, U\\ form a subbasis of the compact- 
open topology on C(X, C(Y, Z)), for L and as before and K G JC(X). We 
claim that 



If this is true, then $ is continuous. To prove the claim, let 7 G CpT xY, Z). 
Then $(7) G [L, U\\ $(7) (if) C |L, C/J ^ (Vx G if) 7(0;, .) G [L, U\ 
<^> (Vx G K) (Vj/ G L) 7(2;, y) G E7 <^> 7 G [if xi,[/J, establishing f l4Tj) . 

Because $ is (obviously) injective, it will be open onto its image if it takes 
open sets in a subbasis to relatively open sets. Let C C fC(X x Y) be the set 
of all products K x L, where K G K.{X) and L G /C(Y). We claim that £ 
satisfies the hypotheses of Lemma IB. 141 (for the function space C(X xY, Z)). 
If this is so, then the sets [K x L,U\ with if G /C(X) and L G fC{Y) form a 
subbasis for the compact-open topology onC(Ix Y, Z), and now ( 14"T|) shows 
that $ is open onto its image (and hence a topological embedding). 

To verify the claim, let 7Ti : lx}'-)'l and 7r 2 : XxF -)• 7 be the projection 
onto the first and second component, respectively. If M C X x 7 is compact 



$-\lK, [L,U\\)= [KxL,U\. 



(47) 
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and V C X xY an open subset such that K C V, then M C Mi x M 2 , where 
Mi := 7Ti(M) and M 2 := 7r 2 (M) are compact. For each (x,y) G M, there is 
an open neighbourhhod U x ,y Q X of x and and open neighbourhood V XyV C y 
of ?/ such that x 14 i2/ C V. Because Mi and M 2 are locally compact, 
there exist compact neighbourhoods K x>y C Mi of x and L^y C M 2 of y such 
that K x>y C ?7 X)J/ and C V^. Then x L x>y C C4 i2/ x V^j, C V. By 
compactness, X is covered by finitely many of the sets K xy x L x y . Thus all 
hypotheses of Lemma IB. 141 are indeed satisfied. 

Now assume that Y is locally compact. Let 77 G C(X, C(Y, Z)). Because 
the evaluation map e: C(Y,Z) x 7 -> Z is continuous by Lemma [B. 12^ the 
map 7 := t? a := e o (7/ x idy) : X x Y - — > Z, (x, y) i-> r](x)(y) is continuous. 
Since $(7) = (^ A ) v = ?7, we see that $ is surjective and hence (being an 
embedding) a homeomorphism. 

Finally, assume that X x Y is a k-space. Again, we only need to show that 
$ is surjective. Let 77 G C(X,C(Y,Z)) and define 7 := i) A : Ix 7 4 2, 
i—)- rj(x)(y). If we can show that 7 is continuous, then $(7) = 77 
(as required). Because X x V is a k-space, it suffices to show that 7^ is 
continuous for each compact subset K C 1x7. This will follow if 7 1 ^1x^2 * s 
continuous for all compact subsets Ki C X and ^CF (given X as before, 
X is contained in the compact set K\ x X 2 with Xi := tyi(K), X 2 '■— 7r 2 (X)). 
We now use that the restriction map p: C(Y,Z) — > C(X 2 , Z) is continuous 
(see Remark IB.lOj) and hence also the map 



(:= po V \ Kl : K^CiK^Z). 

Since X 2 is compact, ( A : K\ x X 2 — > Z is continuous (by the preceding part 
of the proof). Because j\k 1 xk 2 = C A > t ne continuity of 7 follows. □ 



Remark B.16 Given Hausdorff topological spaces X, Y, Z and a map 

77: X -»■ C(y,Z), define 

rj A : X x y ->■ Z, (x,y) M- r)(x)(y). 

The preceding proposition entails: If T7 A is continuous, then 77 = (?? A ) V is 
continuous. If Y is locally compact or X x Y is a k-space, then 77 = (?? A ) V is 
continuous if and only if r] A is continuous. 
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Lemma B.17 Let X and Y be Hausdorff topological spaces. For y e Y , let 
c y : X — > F be the constant map x i— > y. Then the map 

c:Y^C(X,Y), y^c y 

is continuous and (if X ^ 0) in fact a topological embedding. 

Proof. If K C X is compact and f/C7an open set, then c~ l (\_K, U\) = U 
(if K 7^ 0) and c~ 1 ([K,U\) = Y (if K = 0). In either case, the preimage 
is open, entailing that c is continuous. If X is not empty, we pick x G X. 
Then the point evaluation ev^.: C(X,Y) — > Y, 7 \-t j(x) is continuous and 
ev^ oc = idy, entailing that c is a topological embedding. □ 

By the next lemma, so-called pushforwards are continuous. 

Lemma B.18 Let X , Y and Z be Hausdorff topological spaces and 
f : X x Y — > Z be continuous. Then also the following map is continuous: 

U: C{X,Y)^C(X,Z), 7 ^/o(id X)7 ). 

Thus/,( 7 )(a?) = /(a? > 7(a;)). 

Proof. Identifying C(X,X) x C(X, Y) with C(I,Ix Y) as in LemmEll 
we can write /*( 7 ) = C(X, /)(idx,7)- Since C(X,f) is continuous by 
Lemma \B.3\ the continuity of /* follows. □ 

We also have two versions with parameters. 

Lemma B.19 Let X, Y , Z and P be Hausdorff topological spaces and 
f: PxXxY^-Z be a continuous map. For p E P, abbreviate f p := 
f{p, .) : X x Y — > Z. Then also the following map is continuous: 

PxC(X,Y)^ C{X, Z) , (p, 7 ) h- f p o (id* , 7) . 

Proof. Let c: P — > C(X,P), p 1— > c p be the continuous map discussed 
in Lemma lB~T7l The map C(X, f) : C(X, P x X x Y) ->■ C(X, Z) is con- 
tinuous (by Lemma El. Identifying C(X,P) x C(X,X) x C(X,Y) with 
C(X, P x X x Y), we have / p o (idx, 7) = C(^, /)(c p , idx, 7), which is con- 
tinuous in (p, 7). □ 
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Lemma B.20 Let X , Y , Z and P be Hausdorff topological spaces and 
f : P x Y — > Z be a continuous map. For p G P , set f p := f(p, .) : Y — > Z . 
Then also the following map is continuous: 

i>: PxC(X,Y)^C(X,Z), (p, 7)^/ p o 7 . (48) 

Proof. Since g: P x X xY — > Z, g(p,x,y) := f(p,y) is continuous, so is 
4,: P x C{X,Y) -)■ C(X,Z), (p, 7 ) ^ Jp o (id X)7 ), by Lemma US □ 

Lemma B.21 If X is a Hausdorff' topological space and G a topological 
group, then the following holds: 

(a) C(X,G) is a topological group with respect to the pointwise group 
operations. 

(b) Let C be a set of compact subsets of X such that each K G K,(X) 
is contained in some L G C. Also, let U be a basis of open identity 
neighbourhoods in G. For 7 G C(X, G), the sets 7 • \_K, U\ then form a 
basis of open neighbourhood 0/7 in C(X, G) (for K G C and U ElA in 
a basis U), and so do the sets \K, U\ ■ 7. The compact- open topology 
therefore coincides with the topology of uniform convergence on compact 
sets, both with respect to the left and also the right uniformity on G. 

(c) If X is hemicompact and G is metrizable, then C(X,G) is metrizable. 

(d) If X is a k-space and G is complete, then C(X,G) is complete. 

(e) If X is a k-space and G is sequentially complete, then C(X,G) is 
sequentially complete. 

(f) If E is a topological vector space over a topological field K, then the 
pointwise operations make C(X, E) a topological K-vector space. More- 
over, C(X,K) is a topological K- algebra andC(X,E) is a topological 
C(X, K) -module. 

(g) If (K, |.|) is an ultrametric field and E a locally convex topological K- 
vector space, then also C(X,E) is locally convex. 

(h) If (K, |.|) is an ultrametric field, E an ultrametric normed space and X 
is compact, then also C(X,E) admits an ultrametric norm defining its 
topology. 
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Proof. (a) Since G is a topological group, the group multiplication 
fi: G x G — > G, (x,y) i — y xy and the inversion map i: G — > G, x \— > x~ l 
are continuous. Identifying C(X, G) x C(X, G) with C(X,G x G) (as in 
Lemma [B.7j) . the group multiplication of C(X,G) is the mapping G(A, p): 
C(X,G x G) — > G(A, G), which is continuous by Lemma lB.31 The group 
inversion is the map C(X, l) : C(X, G) — > C(X, G) and hence continuous as 
well. Thus C(X, G) is a topological group. 

(b) If Ki, . . . , K n G /C(A) and U\, . . . , U n C G are open identity neigh- 
bourhoods, we find U eU such that U C U\ fl • • • fl U n , and A G C such that 
K x U---UK n QK. Then f|"=i L^i. ^iJ 2 • Therefore the sets [K, U\ 
with K £ £ and U a U form a basis of open identity neighbourhoods for 
C(X, G). Since left and right translations in the topological group C(X, G) 
are homeomorphisms, the remainder of (b) follows. 

(c) Let K\ C Ki C • • • be an ascending sequence of compact subsets 
of X, with union X, such that each compact subset of X is contained in 
some K n . Also, let Ux ~D U 2 5 • • • be a descending sequence of open identity 
neighbourhoods in G which gives a basis for the filter of identity neighbour- 
hoods. By (b), the sets [K n ,U n \, for n G N, provide a countable basis 
of identity neighbourhoods in C(X,G). As a consequence, the topological 
group C(X,G) is metrizable [151 Theorem 8.3]. 

(d) Let (7a)aeA De a Cauchy net in C(X,G). For each x G A, the 
point evaluation ev x : C(X,G) — >• G is a continuous homomorphism. Hence 
(7a(x))aeA is a Cauchy net in G and hence convergent to some element 
7(x) G G (as G is a assumed complete). For each compact set K C A, 
the restriction map : C(A, G) — >■ G(A, G) is a continuous homomorphism 
(cf. Remark [B. 101) . whence (7 a |if)aeA is a Cauchy net in C(K,G). We claim 
that C(K,G) is complete. If this is true, then 7„|k — ► 7x for some con- 
tinuous map 7x G C(K,G). Since 7(x) = 7k- (a;) for each x G K, we see 
that 7|_r: = 7^ is continuous. Because A is a k-space, this implies that 7 
is continuous. If K G /C(A) and [7 C G is an identity neighbourhood, then 
{Hk)~ x 1c\k € L-^)^J inside C(K,G) for sufficiently large a (see (b)) and 
hence 7 _1 7 a G [K, U\ inside G(A, G), showing that 7 a — > 7. 

To prove the claim, we may assume that A = K is compact. Let U QG 
be an open identity neighbourhood and V C U be an open identity neigh- 
bourhood with closure V C.U. There is a G A such that 7^ 1 7 c G [A, V\ for 
all 6, c > a in A. Thus, for all x G A, 7 fc (x) _1 7 c (x) G V. Passing to the limit 
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in c, we obtain 75(x) _1 7(x) G V C XJ and thus 

7(x) G jb(%)U, for all x & K and b > a. (49) 

If is any identity neighbourhood in G, we can choose U from before so 
small that U~ 1 UU C W. By continuity of 7 a , each x E K has a neighbour- 
hood L C K such that 7 a (y) _1 7a(2/) G ?7 for all y £ L. Combining this 
with (14"9"]1. we see that 

7" 1 (2/)7(^) e C/- 1 7 a(y)" 1 7a(^)^ c cr 1 */*/ C W 

for all y G L. Thus 7 is continuous at x and hence continuous. Finally, we 
have 7 6 -1 7 G [K, U\ for all b > a, by (S2J. Hence 7 b ->■ 7 in C7(if, G). 

(e) Proceed as in (d), replacing the Cauchy net with a Cauchy sequence. 

(f) By (a), C(X, E) is a topological group. Let a: KxE E, (z,v) zv 
be multiplication with scalars. Then the map K x C(X,E) — » C(X,E), 
(2,7) i-> er(z, •) o 7 is continuous (by Lemma |B.20[) . As this is the multipli- 
cation by scalars in C(X,E), the latter is a topological vector space. Let 
fi: K x K — >■ K be the multiplication in the field K. Identifying C(X,K) x 
C(X,K) with C(X,K x K), the algebra multiplication of C(X,K) is the 
map C(X, /S) : C(X, KxK) C(X, K), which is continuous by Lemma [B. 3 1 
Hence C(X, K) is a topological algebra. Identifying C(X, IK) x C(X, E) with 
C(X,K x E 1 ), the C(X, K)-module multiplication on C(X,E) is the map 
C(X,a): C(X,K x E) -> C(X,E), which is continuous by Lemma IB~3l 
Hence C(X,E) is a topological C(X, K)-module. 

(g) Let O := G K: |z| < l}be the valuation ring of K. By hypothesis, 
the open O-submodules U C E 1 form a basis of O-neighbourhoods in £J. 
For each X G /C(X), the set |_-^> then is an open 0- neighbourhood in 
C(X,E) and an O-module. Part (b) implies that these sets form a basis of 
O-neighbourhoods in C(X, E). Thus C(X, E) is locally convex. 

(h) If the ultrametric norm |.| defines the topology of E, then the ul- 
trametric norm ||.||oo : C(X,E) — > [0,oo[, H7II00 : = sup{||7(x)|| : x G X} 
defines the topology of C(X,E), as is clear from (b) and the observation 
that [X, Bf(0)\ = Br (X ' E) (0) for each r > 0. □ 
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